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Introduction 

As one of the first applications of Mori theory, Mori and Mukai classified (smooth) 
Fano threefolds with Picard (or second Betti) number at least 2. In differential geo- 
metric terms, this is the same as classifying smooth threefolds with positive Ricci 
curvature. It is clearly interesting to consider the situation when we "degenerate" 
the positivity condition, i.e. we consider threefolds whose anticanonical bundles are 
no longer ample but only big and nef. E.g. there exists a metric with semipositive 
Ricci curvature which is positive at some point. Recall that —Kx nef is to say that 
{—Kx) • C > for all curves C CI X. This automatically implies {—KxY ^ and 
bigness is just saying that {—Kx)^ > 0. We will call a threefold X with —Kx big 
and nef (but not ample) an almost Fano threefold. 

With this paper we begin the classification of smooth almost Fano threefolds X. 
Due to the complexity of the problem we first study almost Fano threefolds with 
Picard number two. The classification in the Fano case uses essentially the fact 
that there are two Mori contractions (= contractions of an extremal ray) which are 
transversal in some sense. In our case we only have one Mori contraction at our 
disposal. The second Mori contraction is substituted by the morphism associated 
with the base point free linear system |— m/^xl, 3> 0. This morphism is clearly 
more difficult to handle than a "simple" Mori contraction. The present article is 
dealing with the case that |— mi4'x|,TO ^ 0, is divisorial, while the second part 
will treat the case where this morphism is small, i.e. contracts just finitely many 
curves. 

To be a little more precise, the setup of the paper is as follows. Call the extremal 
ray contraction cj) : X — > Y; on the other hand, the base point free theorem 
guarantees that |— mifx| is spanned for m 3> 0. After Stein factorization we get a 
second map : X — > X' and a diagram 

X ^X' 



Y. 

Here X' is a canonical Gorenstein Fano threefold, i.e., ~Kx' is ample, but X' is 
singular with mild singularities. Using Mori's classification of what : X — > Y can 
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be, is a either a del Pezzo fibration over Pi, a conic bundle over P2 or birational 
with a very precise structure. We shall treat all these cases separately. 

The final result being a quite long list, we will not reproduce it here but just point 
out the places in the paper where the explicit classification results occur: these are 
the theorems 2.2, 2.5, 2.6, 2.8, 2.9, 3.2, 3.4., 3.f3, 4.9, 4.fl, 5.2. 

It is interesting to note that not all almost Fano threefolds occur as degenerations 
of Fano threefolds, instead there occur completely new cases. 

The authors want to thank the DFG Schwerpunkt "Global Methods in Complex 
Geometry" for significant and indispensable support of our project. 
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1. Preliminaries 

1.1. Notation. Let X be a smooth projective threefold with —Kx big and nef, 
called almost Fano. We always assume that X is not Fano. Moreover we assume 
p{X) = 2. Then —mKx will be spanned for suitable large m. Throughout this 
paper ip : X ^ X' will denote the morphism (with connected fibers) associated 
with I — mKx \ ■ We suppose that ip is not small; by our assumption this means that 
■0 contracts an irreducible divisor which will be denoted by D. Notice that X' is 
Gorenstein with only canonical non-terminal singularities. In accordance with the 
literature, we define the genus g oi X hy g + 2 — h^{X, —Kx) and call a general 
member S £ |— -/^xl a general elephant. 

The existence of a if 3-elephant was proved by Shokurov for the smooth case 
in |Sho80| . and by Reid in |R83| for Gorenstein Fano threefolds with canonical 
singularities. 

1.2. Proposition. Let X be a smooth almost Fano threefold. Then 

g + 2 = h°iX, -Kx) - x{X, -Kx) = + 3 

and {—Kx)^ is even (Riemann-Roch). 
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1.3. Proposition. // —Kx is spanned, the map X W C Fg+i associated to 
the linear system \—Kx\ factorises as ii o tp with a finite morphism 

which has degree at most 2 and actually it has degree 1 unless {^KxY ^ 8 (the X' 
where fi has degree 2 are called hyperelliptic) . //deg/i — 1, then is an embedding. 

Proof. The paper [IP99], Proposition 2.1.15 shows that deg/i < 2. For the hyper- 
elUptic case see Proposition II .61 below. The last statement follows from Mumford's 
criterion |Mum69j . considering a general elephant. □ 

As in Fano classification, Gorenstein Fano threefolds X' with canonical singular- 
ities where \—Kx' \ is not base-point free or not very ample will occur as exceptional 
cases. We have the following classification from |.TR,04j : 

1.4. Theorem. Let X' be a Gorenstein Fano threefold with canonical singularities. 
Assume \—Kx'\ is not base point free. Then one of the following holds: 

(1) dim(Bs|— -ftTjf' I) = 0. In this case X' is a complete intersection of a cone 
over a quadric in P3 and a general sextic in the weighted projective space 
P(l*,2,3) and 3s\—Kx' \ = ^si„g is a single, terminal singularity. 

(2) dim(Bs|-i4:x'|) = 1- Then Bs\-Kx' \ ^ Pi and either 

(i) X' is the blowup of a sextic in P(l'^,2,3) along an irreducible curve 
of arithmetic genus one or 

(ii) X' ~ 5 X Pi , where S is a del Pezzo surface of degree 1 with at most 
Du Val singularities or 

(iii) X' = X2„j_2 i^ '^'^ anticanonical model of the blowup of the variety 
Um (see below) along a smooth, rational complete intersection curve 
To C Um.reg for 3 < m < 12. 

Here Um denotes a double cover of ¥{Op^{m) (B Op^{m — 4) © Op J with at worst 
canonical singularities, such that —Kjj^ is the puUback of the tautological line 
bundle 0{1). For m > 4, this is a hyperelliptic Gorenstein almost Fano threefold 
of degree 4m — 8. The curve Fq lies over the complete intersection of some general 
element in 10(1)1 and the "minimal surface" B G |0(1) — mF\, where |F| denotes 
the pencil (note that Fq is always contained in the ramification locus). If to = 3, 
then Fg is the only curve, on which —Kjj^ is not nef. For details of the construction 
see I JR04| . section 5. 

The threefolds in (i) and (ii) are the expected degenerations of the smooth case. 
New in a sense are (1) (see |Me9 9j) and (iii). The intersection in (1) is a degeneration 
of V2, a double cover of P3 ramified along a smooth sextic, but here |— iiry2| is 
spanned. The examples in (iii) are not Q-factorial and have one isolated canonical 
singularity. We therefore get 

1.5. Corollary. Let X be a smooth almost Fano threefold with p{X) = 2, such 
that X is not Fano and the anticanonical map ip is divisorial. Then \—Kx\ is base 
point free. 

Proof. By assumption, the image X' of the morphism ip, defined by \—mKx\ is 
a Q-factorial Gorenstein Fano threefold with canonical, non-terminal singularities 
and Picard number one. □ 
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The classification of hyperelliptic Fano tlireefolds is due to Iskovskikli in tlie 
smooth case ( |I78| ) and to Cheltsov, Shramov and Przyjalkowski for Gorenstein 
Fano threefolds with canonical singularities ( |CSP04j ). In our situation we have 

1.6. Proposition. Let X be a smooth almost Fano threefold with p{X) = 2, such 

2' 1 

that the anticanonical map is divisorial. If the anticanonical model X' — ^ W is 
hyperelliptic, then we are in one of the following cases 

(1) {~KxY = 2, = P3 and X' W is ramified along a sextic; 

(2) {—Kx)'^ = A, W CZP4 is a quadric and X' ^ W is ramified along a quartic; 

(3) {~Kx)^ — 8, W is the cone in Pg over the Veronese surface in P5 and 
X' = X(j C P(l'^, 2, 3), i.e., X' —> W is ramified along a cubic. 

All of these threefolds are the expected degenerations of Iskovskikh's list. 

Proof. We have X X' W C Pg+i with tp divisorial and fi a double cover of 
a threefold W of minimal degree, i.e. deg(M^) = codim(T/F) + 1. Varieties with this 
property are classified by Bertini ( |B07| ). whereafter W is one of P3, a quadric in 
P4, the cone over the Veronese surface or a (cone over a) rational scroll. By a cone 
over a (rational) scroll we mean the image of 

F(di,d2,d3) = nOrAdl) ® Op,(d2) ©Opi(rf3)), di > ^2 > ^3 > 

in Pdi+d2+rf3+2 under the map associated to the tautological system |0(1)|. Note 
that this is free. For ^3 > 1, the cone and F((ii, ^2, £^3) are isomorphic. The pencil 
of V{di,d2, ds) is denoted by If in our situation is a cone over a scroll, then 
^3 = 0, since p{X') = 1. 

1. ) If c?2 = 0, then ly is a double cone over a rational normal curve of degree 
di. The double cover X' will have canonical singularities along a curve. There are 
dissident singular points, which are not cDV, hence a resolution of singularities will 
not have Picard number two. 

2. ) Assume d2 > 0, i.e. is a cone over a Hirzebruch surface. In this case, the 
map a: F(di, ^2, 0) — > W is a small resolution and may be viewed as blowup of W 
along the Weil divisor (j{F). Since X is smooth, we obtain an induced birational 
map X — > ¥(di, d2,0), mapping the exceptional divisor D of ijj to the curve in 
F(di,d2,0) contracted by a. This contradicts p{X) = 2. □ 

For small genus we find in our situation (see |IP99| . Proposition 4.1.12. for the 
smooth case): 

1.7. Proposition. Let X be a smooth almost Fano threefold with p{X) = 2, 
such that the anticanonical map tp : X X' is divisorial. Assume X' is not 
hyperelliptic. 

(1) If g = 3, then X^ C P4 is a quartic. 

(2) If g = 4, then X2 3 C P5 is a complete intersection of a quadric and a cubic. 

(3) If g — 5, then X2 22 '^^s is o, complete intersection of three quadrics. 

Proof. Since the canonical curve section C C AT' is a smooth canonical curve of 
genus g, (1) and (2) are easily obtained. 

Assume g = 5. We have two possible cases: either X' is cut out by quadrics or 
it is trigonal. Since X' is already a complete intersection in the first case, assume 
the latter one. Then by |CSP04| . X' is the anticanonical model of an almost Fano 
threefold V with canonical singularities, where V is a divisor in \0{3) + n*0p-^ (— 1)| 
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on the projective bundle tt : P{(Bj^iOp-^{di)) — > Pi, where either di = d2 ~ — 1, 
(^4 = or di = 2, = 1, o?3 = = 0. Neither case is possible in our situation: in 
the first case the map V ^ X' is small and in the second case the Picard number 
of X' is greater than one. □ 

By definition, the anticanonical map -0 is a birational contraction. The assump- 
tion p{X) — 2 guarantees that ■0 is primitive, i.e. it does not factor. The structure 
of the exceptional locus of such contractions is studied by Wilson, Paoletti and 
Minagawa. We have in our situation 

1.8. Proposition [Wilson, Paoletti, Minagawa]. Let X be a smooth almost 
Fano threefold with p{X) — 2, such that the anticanonical map : X X' is 
divisorial, contracting the divisor D to a curve B. Let l^ he a general exceptional 
fiber. Then 

(1) B is a smooth curve of cDV singularities, X — BIb{X'); 

(2) D is a conic bundle over B; each fiber is either isomorphic to a smooth 
conic or to a line pair. In particular, D.l^ = —2. 

Proof [WnH, IMZI, FaJ^I and □ 



2. Del Pezzo fibrations 

In this section we consider threefolds with —Kx big and nef admitting a del 
Pezzo fibration. 

2.1. Setup. We fix for this section the following setup. X is almost Fano, i.e. 
a smooth projective threefold with —Kx big and nef, but not ample. As usual 
p{X) = 2 and we suppose that i/j is divisorial. Suppose that : X — > Pi is a del 
Pezzo fibration, which is the contraction of an extremal ray, since p{X) — 2. Let F 
denote a general fiber of 4>. Notice that Kp ^ 7 and that F is normal [Mo82]. We 
put F' = %l)(F) and F" = /i(F'). 

2.2. Theorem. Suppose that (p is a f 2 — bundle and write X = P(f) with a 
rank 3-bundle £. Normalize £ in the following way: E — 0{ai) © 0(02) O with 
ai > 02 > 0. Then either 

(1) fli = 02 = 1; o,nd Tp contracts the unigue section Co with normal bundle 
Nco = 0{-l) © (but here ip is small), or 

(2) ai = 2,a2 = 0, and ^ contracts the divisor D = P(0 ® O) d X (Case 
A.2,no.l). 

In both cases —Kx is indeed nef. 

Proof. The condition that —Kx is nef, but not ample, can be rewritten as follows: 

^ detS* ^^,2, ^ ^^,-ai-a2 + 2, 
£ «) O(-) ^8® 0{ ) 

is nef but not ample. Hence oi + 02 = 2 and wc arc in one of the both cases stated 
in the theorem. The bigness of —Kx is translated into 

det^* 2 
ci(£®^®0(|))>0 

and is therefore automatically fulfilled. The rest of the claim is clear. □ 
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From now on we shall assume that F ^ P2 (for some or - equivalently - all fibers). 



2.3. Setup. Consider the unique irreducible prime divisor D contracted by "0. 
Since —Kx is 0— ample, Kx\D ^ 0, hence the divisor D cannot be contracted to 
a point by tp, and we denote B = iIj{D). Let l^ be the general fiber of tp. Then by 

(2.3.1) 

and Ijp is a conic in P2. Since p{X/X') = 1, this must be true for all fibers of ip. 
Now write 

D = -aKx " (t>*iO{l3)) ^ -aKx - PF, (2.3.2) 
with rational numbers a and (3 and F a fiber of 0. Thus Dp £ \ — aKp\, hence 
a > and actually a is an integer, unless possibly is a quadric. This comes 
from the existence of (—1)— curves in del Pezzo surfaces F with Kp < 7. If F is a 
quadric, then we can at least say that a G 5Z. This special case that a is not an 
integer is excluded from now on and will be treated in (2.9) separately. 
Since now a is an integer, also P is an integer and from (2.3.1) and (2.3.2) we defer 

^ = = 2 or /? = 2,F- = 1. (2.3.3) 

We finally notice that Kj^ ■ D ~ gives 

ai-Kxf = pKl. (2.3.4) 

2.4. Proposition. Suppose in (2.3) that j3 ~2. Then either a = 1 or {—Kx}^ = 
2, a = 3 or {-Kx)^ = 4, a = 2. 

Proof. We will compute g — g{B) in two different ways. Comparing both formulas, 
we will then arrive at our claim. We notice that by (2.3.4): a^—KxY — ^Kp, in 
particular {—Kx)^ < 16. 
(1) We will use the exact sequence 

^ H°(X',Ib ® ~aKx') H°{X',-aKx') ^ H°{B,-aKx'\B) 

H\X',lB<»~aKx') ^0. 

Notice 

h°{X',TB ® -aKx') = h°{X, -aKx - D) = h°{X,2F) = 3. 
Next we observe that 

for g > 1. In fact, 

H'^iX, ~aKx -D) = H'^iX, 2F) = 
for q>l and thus the apparent vanishing 

R'^Tp^-aKx -D)= Rii^^i-D) ® {-aKx' 
for q>l yields the vanishing (*). Next we compute 

h^{B,-aKx'\B). 
First of aU, -Kx' ■ B = -Kx ■ D ■ F so that 



m{X',lB®-aKx')^Q (*) 



Thus 



Kx'-B^ aK'p. (A) 



X{B, -aKx'\B) = l-g + a^Kj. = —{-Kxf + l-g. 



Now by Kodaira vanishing and (*) 

H\B,-aKx'\B) = H^{X\Xb ® -aKx') =0 

so that 



We arrive finally at 



hP{B, -aKx'\B) = ^{-Kxf + l-g. 



h°{-aKx')=4-g+—i-Kxf. 



Putting in Riemann-Roch and Kodaira vanishing to compute h'^{—aKx) we obtain 

5 = ( Y - ^ - ^X-Kxf -2a + 3. (**) 

(2) On the other hand, B ~ D ■ F since il}\F is an isomorphism (F -l^ = 1). Thus 
adjunction and Dp & \ — aKp\ gives 

2g-2 = a{a- l)Kj, 

so that 

9=^^ '-{-Kxf + 1. (***) 

Putting (**) and (***) together, we obtain 

{^~^){-Kxf-2a + 2 = 0. (+) 

Of course (+) is always fulfilled if a = 1. If however a > 2 we have only the two 
solutions stated above; here of course we also use a{—Kx)^ = 2Kp. □ 

2.5. Theorem. In (2.4) the exceptional cases that a = 2 and {—Kx)^ = 4 resp. 
a = 3, {—Kx)^ = 2 really occur and are described as follows: 

(1) let B C P4 be a smooth com,plete intersection of three quadrics and let 
TT : P ^ P4 be the blowup of P4 along B with exceptional divisor E. Then 
X is a smooth member o/7r*(0(4)) - 2E; here {-KxT = 4, (A.2,no.2); 

(2) X is a degree 2 covering over the 3-dimensional quadric blown up in the in- 
tersection of two quadrics; the ramification being in two fibers of the natural 
del Pezzo fibration of the blown up quadric; again {—Kx)^ = 4, (A.2,no.2); 

(3) X is a degree 2 covering over P3 blown up in the smooth intersection of two 
cubics; the ramification being in two fibers of the natural del Pezzo fibration 
of the blown up projective space; here {—Kx)^ = 2, (A.2,no.3). 

Proof. We consider the two cases separately: 

(1) a = 2, {-Kxf = 4, or 

(2) a^3,{-Kxf = 2. 

(1) Here we obtain g{B) = 5 and dcgi? = 8 and i? is a complete intersection of 
three quadrics. 

First suppose that /i : X' ^ P4 is an embedding. The converse construction 
is obvious: we take i? to be a complete intersection of three smooth quadrics 
in P4. Then B has genus 5 and we let P be the blowup of P4 along B. Since 
/i°(P4,Xb(2)) = 3, the Fano 4-fold P carries a contraction f : P ^ ¥2- If Q is a 
smooth quadric containing B, then its strict transform Q C P is a Fano threefold 
and f\Q:Q^Fiis the second contraction whose fiber F has Kp = 4. Now let X 
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be a smooth member of |/*(0(2))|. We have D = -2Kx - 2F so that a = 2 and 
/3 = 2. 

The other case is that ^ is a degree 2 covering over a quadric Q. In that case 
the image B' = ii{B) c Q C P4 is a smooth curve of genus 5 and degree 8 
(since B' cannot be in the singular locus of Q, we must have deg/x|B = 1). Prom 
D = —2Kx — 2F and the numerical data, we easily obtain 

(see the proof of (2.6) for some detailed computations). Since H^{—Kx — F) = 0, 
we also have H°{-Kx) = H'^i-Kp). Thus X embeds in F{(l)^{-Kx)) = Pi x P4. 
The covering part of X ^ is completely induced by Pi; in other words, there 
exists a del Pezzo fibration Z ^ C = Pi and a degree 2 covering Pi ^ C inducing 
(f) by base change. Moreover we have a birational map Z ^ Qz- 
Conversely, let tt : Q ^ Q3 be the blowup of B' in Q^. Then Q is Fano and carries 
a del Pezzo fibration p : Q — > Pi such that Kp, = 4 for the fibers F' of p. Observe 
that p is defined by 7r*(C>(2) — E), where E is the exceptional divisor. Let 

R e \p*{0{2))\ = \n*{0{-2)) ® -2K^\ 

be general and let r : X — > Q be the degree 2 covering branched along R. Then 
—Kx = r*7r*(OQ3(l)) and X fulfils all requirements. 

(2) Here we have a holomorphic map /i : X' P3 defined by | — Kx' \ of degree 2. 
Let i? C P3 be the ramification locus. Since Kx' = i^*{Kp^ + R/2), we must have 
degi? < 6. If degi? ^ 6, then —Kx would be divisible, contradicting Kp = 3. Let 
R' = fi^^{R), of course R' ~ R. Then B C R' , since X' is singular along B. Then 
the formula (***) from the proof of (2.4) yields g{B) = 10 and formula (A) gives 
degS = 9 in P3. 

Conversely, let B C P3 be the smooth complete intersection of two cubics and P 
the blowup of B. Then P is Fano with a del Pezzo fibration p : P ^ ¥1 defined by 
n*{0{3))—E. Now let X be the degree 2 covering ramified along a smooth element 
ofb*(0(2))|. □ 

2.6. Theorem. Suppose in (2.3) that /? = 2 and a ^ I. Then {-KxY ^ 
{4,6,8,10,12,16}. If 2d := {-Kxf, then X C ¥{Ov^{2) ® O'^) if d > 3 resp. 
X is a two-sheeted cover o/P(e'Pi(2) ®0'') ifd = 2 (A.2,no.4-9). 

The cases d= 2, 3, 4, 8 really exist; see Example 2.7 below. However it seems to 
be a possibly difiicult problem to determine whether d = 5, 6 are possible. 

Proof. Since (3 = 2, (2.3.3) gives F ■ = 1. Hence all are irreducible and thus 
V'l-D is a Pi— bundle. Moreover is an isomorphism, so F' = i('{F) ~ F. From 
(2.3.1) we obtain 

-Kx' - 2F' = 0. 

On the other hand, 2F + D-l^ = 0, hence 2F' is Cartier in X'. Since X' is Q-Fano, 
this implies 

2F'e\-Kx'\. (2.6.1) 
By (2.3.4) we have {-Kxf = 2/r| < 16, and {-Kxf 7^ 14. First we consider the 

cases that d = I and d = 2. 

Case Kj, = 1. Then {-Kx f = 2 and h°{-Kx) = 4. Moreover : X' ^ P3 has 
deg/i = 2; on the other hand, -Kx' • B = 1 by (A) in (2.4), so that Aeg{n\B) = 1 
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and fi{B) is a line, contradicting the fact that g{B) = 1 by (***) in (2.4). So 
Kp = 1 is ruled out. 

Case Kl = 2, i.e. {-Kxf = 4. Since h^i-Kp) = 3 and h"{-Kx) = 5, the map 
H^{—Kx) — > H^{—Kp) is surjective. Therefore : X' ^ P4 is a 2:l-covering over 
a singular quadric Q C P4 and F is mapped to a plane in P4 hy noip. We compute 
easily from the given data and from D = —Kx — 2F that 

ct>,{-Kx) = 0{2)®0\ 

The canonical map X P(C'(2) © O^) is a degree 2 covering. By contracting the 
exceptional divisor in P(0(2) © O^), we obtain a birational map to the singular 
quadric Q from above and all maps commute. 

Of course this construction can be reversed, but X can also be constructed as 
follows. Consider the Fano manifold V2, the degree 2 covering of P3 of index 2. Let 
S c V2 be a complete intersection of two general elements in the half-anticanonical 
system. Then B is an elliptic curve. Let tt : F ^ V2 be the blowup of B. Then V 
has a natural del Pezzo fibration p provided by 7r*{0{l)) — E. Now we let r : X — > F 
be the degree 2 covering ramified along p*{0{2)). Notice that one section of —Kx 
is not the puUback under r! 

From now on suppose d>3. Write 

r 

M-Kx) = ^0{a^) 

with Oi > 02 . . . > a^. Then 

MOxiD)) = ^Oiai-2). 

i 

Since h°{Ox{D)) = 1, we have ai = 2 and < 1 for i > 2. Since H^{-Kx) = 0, 
the only negative summands can be of type 0{—l), hence 

M-Kx) = C(2) © © © O(-l)'". 

Therefore hP{—Kx) = 3 + 2u + v and since hP{—Kx) = + 3, we obtain 

d = 2u + v. 

By hP{—KF) = d+ 1, the bundle fCjss:) has rank r ~ d+\. Now we claim that 
h^{—Kx — F) = 2. In fact, every section of —Kx — F has to vanish on D, simply 
because —Kx — is negative on the fibers of Z) — > B. Hence 

hP{-Kx -F) = h°{-Kx -F-D) = hP{F) = 2. 

Therefore u = and v = d. Now the rank condition implies w = so that 

M-Kx) = 0{2)®0'^. 

Since —Kx is (j)—Yevy ample, we obtain an embedding X c W{(j)t,{—Kx))- □ 

2.7. Example. (1) Let £ = 0{2) © O'^ and r? = Or{s){'^)- For d = 2 see the 

proof of (2.6). In the case d = 3, 4 simply take X as a general member of |377| or a 
complete intersection of two members of |2?7|, respectively. Note that r; is spanned. 

(2) Suppose now that d = 8, i.e. : X ^ Pi is a quadric bundle. Here {—Kx)^ = 
16. If denotes a line in a fiber of (f), then —Kx-l^ = 2. Since moreover —Kx-l^ = 

9 



and since every curve in X is numerically a linear combination of and l^p with 
integer coefficients, —Kx is divisible by 2 : there is a line bundle L such that 

-Kx = 2L. 

Observe = 2 and = 4. Moreover L = and -Kx' = 2L'. By Fujita's 

results jFu90j . |IP99| . V is spanned and provides a double cover X' — > P3, ramified 
along a quartic. Conversely, we argue as follows. Two general quadrics qi, (72 in IP3 
meet in a smooth elliptic curve B. Let X' be the 2:l-covering of P3, ramified along 
a general quartic in if'^(P3, 0(4) (giX^). The blowup of X' in the reduced preimage 
of B is a smooth threefold X. The anticanonical divisor is the puUback of Ov^{2), 
and X admits a pencil defined by 51, 52. Here D = —Kx ~ 2F. 

2.8. Theorem. In the setting of (2.3) suppose that fi = 1. Then X is one of the 
following and all these cases really exist. 



No. 


-K'x 




X' 


d/gB 


{a, 13) 


1 


2 


2 


2:1 


-GOV. 


of ¥3, ram. sextic 


1/0 


(1,1) 


2 


4 


4 


xk 


C P4 


or 


2/0 


(1,1) 








2:1 


-GOV. 


ofQs, ram. quartic 






3 


8 


8 


2:1 


-GOV. 


of Ver. cone 


4/0 


(1,1) 


4 


2 


4 


2:1 


-GOV. 


0/P3, ram. sextic 


4/1 


(2,1) 



These are the cases (A. 2), no. 10-13. 

Proof Suppose that /3 = 1. Then D = -aKx - F and a{-Kx)^ ^ Kj,. This leads 
to the following cases. 

• a = 1 and {-Kxf = Kj, = 2,4,6,8; 

• a = 2 and {-Kx)^ = 2, 4; Kp = 4, 8, respectively; 

• a = 3 and {-Kx f = 2,Kj, = 6; 

• a = 4 and {-Kx f = 2,Kl = 8. 
Since F ■ l^, — 2, we have 

-Kx' ■ B = -^Kx D F^ ^Kl - a^{-Kxf. (*) 

Now we proceed as in the proof of (2.4) and obtain the following formula for the 
genus g of the curve B. 

g=(-Kxn^-^-^)-2a + 2. (H 

The second method to compute g unfortunately fails, since Dp B is now a degree 
2 covering. 

(1) Suppose a = l. Then g = g{B) = and £> = -Kx - F. 

(l.a) If {-Kxf = Kj, = 2, then (jj^-Kx) = 0(1) © O^. This follows easily 
from the intersection numbers and h^{—Kx — F) = 1. The map X' ^ P3 is a 
two-sheeted cover and so does X P(C'(1) © O^) which is just P3 blown up in a 
line. Conversely, let i? e |4C + 7r*(0(2))| be smooth and g : X ^ P(0(1) © O^) 
be the two-sheeted cover branched along R. Let D — g*(P(0^)). Then there is a 
contraction X X' along a projection of D, the variety X' admits a covering 
X' P3 and this commutes with the blowdown P(0(1) © O^) P3. 

(l.b) Now suppose {-Kxf = Kj, ^ A. Here X' C P4 of degree 4 or X' ^ Q 
is a degree 2 covering over a quadric. The bundle <j)<,{~Kx) is or rank 5 with 5 
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sections and therefore is of the form 0{1) (B (B 0{—l). Moreover the canonical 
map X — > P(0(1) (B (B 0{—l)) is either an embedding or a two-sheeted cover 
over its image. 

In case of an embedding, we can describe X also as follows. Notice that by (*), 
the smooth rational curve S is a conic, contained in some P2 C P4, defined by two 
hyperplancs Hi and H2. For X' choose a general quartic in |C'p^(4) ^T^^pJ. After 
blowing up B we obtain X with —Kx — ip*Or^{l) big and nef and {—Kx)^ = 4. 
The pencil {Hi, H2) defines a del Pezzo fibration X — > Pi with general F having 
K"^ = 4. The case /x : X' — > Q3 is analogous. 

(l.c) If {—KxY — ~ 6' flicn X' C P5 is a complete intersection of a cubic Z 
and a quadric Q and S is a twisted cubic. In particular n is an embedding. Let tt : 
P ^ P5 denote the blowup of P5 along B. Then X c P is the complete intersection 
of the strict transforms Z and Q. Using adjunction and —Kx = 7r*(0(l)), we have 

Z e |7r*(0(3)) - 2E\ 

and 

Qe\7:*iOi2))-E\. 

Now B is contained in a 3-dimensional linear subspace F C P5. We claim that 
H^{Y, Ig{3)) = 0. It is classical that we find a smooth quadric Q2 CY containing 
B. Now B is a curve of type (say) (2,1) (possibly after permuting the factors), 
therefore 

H'\Q2,llm = H%Q2,Oi-l, 1)) = 
and thus the vanishing is achieved. 

Wo conclude that Y C Z. Any component of the singularity set of Z is cither 
contained in B or disjoint from Q Ci Z. Consider the exact sequence of conormal 
sheaves 



which reads 



^ o(-3) ^ o{-i) © e'(-i) ^ 0. 

The map 7 : N^^pJY ^y/p^ given by sections si,S2 G -ff°(0y(2)). Since we 
already know that the zero locus of 7 is contained in B and since B has degree 3, 
we obtain a contradiction and rule out this case. 

(l.d) If (-Kxf = Kj, = 8, then either X' c Pe has degree 8 and B has degree 

4 or X' is a degree 2 covering over the cone over the Veronese surface. We will 
exclude the first case and show that the latter leads to an example. In the first 
case X' is the complete intersection of three quadrics and B is a smooth rational 
curve of degree 4 in X'. Blowing up Pg along B and computing as in (l.c), two 
of the quadrics are in \0{2) — E\ while the third one, say Q, is in 10(2) — 2E\. 
The quadric Q is singular along B. Since Qsing is a linear subspace of Pe, while 
B neither is a line nor a plane curve, we conclude Qsing — Ps- Hence B is the 
complete intersection of two quadrics in P3. But this is not a rational curve. 
It remains to treat the case that X' is a degree two covering of the Veronese cone 
in Pg. Choose two general hyperplanes Hi and H2- The intersection with the 
Veronese cone gives C4. Choose a general cubic in C'pe(3) (^^b/Pq 
the double covering of the Veronese cone, ramified along this cubic. After blowing 
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up B we get X and a pencil X — > Pi with general fiber Pi x Pi, 2 : 1 over P2 
ramified along a conic. 

(2.a) If a = 2 and (-Kx)^ = 2, wc obtain g{B) = 1 and -Kx' ■ B = A. Since B is 
the singular locus of X', the curve B must be inside the ramification of /x and thus 
deg/Lt|B = 1. Thus B' = ^{B) is an elHptic curve in P3 of degree 4. Therefore B is 
the complete intersection of two quadrics. Also observe that F is mapped onto a 
quadric F' C P3. Therefore the image Z oi X ^ F{(j)^{—Kx)) is a quadric bundle 
over Pi which admits a birational map to P3. This must be the blowup of B'. 
In order to construct X, we start with B' C P3 and let tt : P ^ P3 be the blowup 
of B' C P3. Then P is a quadric bundle over Pi. We want to construct X as 2:1 
covering over P. Denote by p : P ^ Pi the quadric projection and observe that 
-Kp-Tr*{Oi2)) is trivial on the fibers P of p so that -Kp-'!r*{0{2)) =p*{0{l)). 
In particular, the bundle —2Kp — Tr*(0{2)) is spanned and we let P be a general 
member of the associated linear system. Since R is divisible by 2, we can take the 
two-sheeted cover g : X ^ P ramified along R. Then 

Kx = 9*{Kp - R/2) = g*T,*{0{-l)) 

so that —Kx is big and nef but not ample. The induced map X ^ Pi has gcnc;ral 
fiber F with K'jr = 4; moreover {—Kx)^ = 2. It is also easy to check that a = 2 
and /3 = 1. 

(2.b) If a = 2 and {-Kxf = 4, then g{B) = 4 and -Kx' ■ B = 8. The map 
fi : X' ^ ¥4 is either an embedding or a 2:1 covering over a quadric Q3 C P4. 
First we consider the case where /x is an embedding. In that case P C P4 is a 
smooth curve of degree 8. Prom F = —2Kx — D we infer that B is contained in 
a pencil of quadrics in P4. From F ■ = 2 wc infer that all the quadrics must be 
singular along B. But B neither is a line nor a plane curve. Hence ji is not an 
embedding. 

If deg/i = 2, then Vl^ C P4 is a quadric. Let B' = IJ.{B). Wc claim that /i|P is 
1 : 1 to P'. This is clear if W has at most an isolated singularity. If W is singular 
along a curve, necessarily along a line, and if /Lt|P is not 1 : 1, then B' must be the 
singular locus of W, i.e. P' is a line and P ^ P' is 2 : 1. By Ricmann-Hurwitz, 
Kb = ii*{0{-2)) + R' so that degP' = 10. On the other hand, R' = B ■ R with 
Rc X' the branch locus of /it : X' — > W. Since R = we obtain a contra- 

diction to —Kx' • P = 8. 

So /x|P is 1 : 1 and P C P. Since D = -2Kx — F, the images of P in ly are 
quadric surfaces in P4. Hence B' is contained in the intersection of three quadrics 
in P4 and since dcgP' = 8, wc have equality. But a smooth complete intersection 
of three quadrics has genus 5. 

If a = 3, then {-Kxf = 2, moreover Kj, = 6 and g{B) = 9 and -Kx' • P = 9. Let 
P' = fi(B); notice that /i|P is an isomorphism. Then P' is a smooth curve in P3 
of degree 9 and genus 9. Since P" = /x(P') has degree 3, P' is in the intersection 
of two hypersurfaces of degree 3, hence equals this complete intersection. But then 
we obtain g = 10, contradiction. 

If a = 4, the argument is completely the same: here g(B) = 28 and has degree 16. 
Thus P' ~ P is the complete intersection of two quartics. But then the genus must 
be 31, again a contradiction. □ 
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2.9. Theorem. Suppose in (2.3) that Kp = 8. If a is not an integer then either 
X is a general divisor of the form 2( in P{0{2) © O^) over Pi (A. 2, no. 14) 
or X is a general divisor of the form 2^ + 2F in P(C(1) © ® ^(-1)) over Pi 
(A.2,no.l5). 

Proof. We already know that a G |N. Suppose that a is not an integer. Then we 
find an odd integer a such that a = f . 

(1) First suppose that /? e Z. Then by (2.3.3) /? = 1, 2. 

(l.a) (3 = 2. Then ^f^ is Cartier and using (2.3.4): a{-Kxf = 2K% = 16, 
which impHcs a ^l,a = \ and {-Kxf = 32. Let L = = D + 2F so that 

X C P((/)*(L)). In order to determine (/'*(L) we compute by Riemann-Roch and 
Kawamata-Viehweg 

h°{L) = 6. 

Moreover /i°(Lf) = 4 so that ^*(L) has rank 4. Using h'^{L) = and h°{L-2F) = 
1, we find 

ML) = 0{2)®0^ {A) 

or 

(/.*(L) = 0(2)©0(1)©0©0(-1). (B) 

Write X = + sF. A priori we know r = 2 and L = 
In case (A) wc get s = in order to have —Kx = 2L. Let 

a : P(0(2) ®0^)^W 

be the blowdown of P(C' ') to a surface 5 ~ P2 or equivalently, the morphism defined 
by \C\. Then X = a*{X') and since X is irreducible, X' does not contain S so that 
X' meets S in a curve B, so that X ^ X' contracts some divisor in X. Thus —Kx 
is nef (and big) but not ample. 

In case (B), -Kp = 4C is not nef exactly on Co = P(C'(-1)). Hence; -Kx = 2C\X 
is nof exactly if Co is not contained in X. However the base locus of each system 
\rn(\ contains Co, so that always Co C X. Hence case (B) is ruled out. 

(l.b) /3 = 1. Hence a{—Kx)^ = Kp = 8 so that again a = 1 and moreover 
{—Kx)"^ = 16. Defining L as before we this time have L = D + F. Since h^{L) = 4, 
it follows 

ML)^0{1)(B0^®0{-1). 

Here the adjunction formula and —Kx = 2L force X = 2( + 2F. In order —Kx is 
nef, wc need P(0(— 1)) not to be contained in X which of course is true for general 

choice of X. 

(2) /3 ^ Z. Of course 2/3 G Z and /3 = | with /? odd. Since D ■ = -2, we obtain 
/3(F • l^) = 4, hence (3 = 1. By (2.3.4) (which is purely numerical and hence also 
true here) we have 

^{-Kxf = a{-Kxf = (3Kl = 8^ = 4, 

so a = 1 and {-Kxf = 8. 
Prom Riemann-Roch we compute 



x{X,Ox{D)) = l. 
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Now consider the rank 4-bundle (j)^,{Ox{D)). Since h^{Ox{D)) — 1 and, by the 
Leray spectral sequence, H'^{X, Ox{D)) = for g = 2, 3, we deduce h^{Ox{D)) = 
0. Hence 

MOx{D))^0(BO{~l)®^ 

Writing again X = 2C + sF, we obtain s = 4 and -Kx = 2(\X + F. Now F{0 ® 
©(— 1)^) is nothing than P3 blown up in a line I. Let W — tt{X). Since 

X ^2C + 4:F = 7r*(e>(4)) - 2E 

with E the exceptional divisor of tt, we have I C W. Therefore X contains curves 
contracted by tt and thus —Kx = + F cannot be nef. The fact that X contains 
curves contracted by tt is also clear from the fact that X is an ample divisor. □ 



3. Conic bundles 

3.1. Setup. In this section (p : X ^ Y — P2 denotes a conic bundle with p{X) = 2. 
As always we assume ~Kx big and nef but not ample. We do not assume that the 
anticanonical morphism is divisorial until after Proposition 13. 21 

The discriminant locus is denoted by A, if A = 0, then X is a Pi— bundle. Set 

d = deg A. 

We introduce the rank 3-bundle 

S^M-Kx) 

which is relatively spanned, i.e., (j)*£ — > £ is surjective. We obtain an embedding 

X c ¥{£) 

such that -Kx = C\X. The divisor X C F{£) is of the form 
(3.1.1) [X]^2C + TT*{0{\)) 

with some integer A. Then the adjunction formula yields 

A = 3 — ci. 

Here we use the shorthand c; — Ci{£). Since 

i/''(P(f),-C-7r*(O(A)))=0 

for q = 0, 1, every section in H^{~'Kx) uniquely hfts to a section of C,. We first 
consider the case where £ is not spanned: 

3.2. Proposition. Assume £ — (f>^{~Kx) is not globally generated. Then X' is 
hyperelliptic and X is a double covering of a Fano Pi -bundle over P2 

a:X — > P(J^), 

such that ~Kx — o'*C'p(jf)(1). The Fano bundle V{J-) is one of the following: 

(1) P3 blown up in a point, i.e., T = Ow^ ® Ov^{l). Here £ = Op2(-2) ®T 
and {-Kxf = 2 (A. 3, no.9). 

(2) blown up in a line, i.e., T sits in the exact sequence 

^ Op,(l) -^T^ Xp(l) 0, 

where Xp denotes the ideal .sheaf of a point p G P2. Here £ ~ C'p2(— 1) © J- 
and {-Kxf = 4 (A.3, no. 10). 
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(3) Pa blown up in a twisted cubic, i.e., T sits in 







09 



J" 



0. 



Here 8 = Or^-l) ® T and {~Kxf = 2 (A. 3, no. 11). 
(4) The Veronese cone blown up in its vertex, i.e., T = Or 
£ = Ov^{-l)®T and {-Kxf 8 (A. 3, no. 12). 
In all these cases ijj is divisorial. 

We have the following diagram in Proposition 



Op, (2). Here 



X 



X' 



|C'p(^)(l) 



W 



Proof. Think of Cp, the scheme-theoretic fiber of X over a point p G P2, as a conic 
in T{£{p)) ~ P2. The vertical maps in 

il"(P2,f) ^£{p) 



H^{X, -Kx) H^{Cp, -Kx\c,) 

are isomorphisms by which we identify these spaces. In this way we may think 
of \H^{Cp,—Kx\cp)\ as lines in f{£{p)). Since | — Kx\ is spanned, the image of 
H^{X, —Kx) — > H^{Cp, —Kx\cp) is at least two dimensional, describing all lines, 
or the family of lines through a given point outside Cp. 

Now assume that £ is not generated by global sections at the point & G P2 . Then 

H°{X, -Kx) — -Kxlc) {*) 

is not surjective and the image is two dimensional. On P{£(b)), the map "0 is projec- 
tion from a point. Except for the case Cf, a double line, X' is clearly hyperelliptic, 
and if R denotes the strict transform in X of the ramification divisor of X' — > W, 
then R-Cp = 2. 

We now treat the case that Cb is not a double line for some base point b oi £. 
Denote by Cp a general conic and by Cp its strict transform under the hyperelliptic 
involution. At b we have Cb = C^. Hence, ii H = (p*Op2{l), then = H ■ Cp ^ 
H -Cb = H -C^ = H -Cp, implying that Cp wiU be a fiber of 0. But i?-Cp > 0, hence 
Cp n Cp 7^ so that Cp = Cp. Then is 2:1 on the generic conic and therefore 
given by projection in ¥{£{p)) from some point. 

We have proved the following in terms of vector bundles. If the canonical map 
of global sections of 

Or,^H"{¥2,£) ^ £ 
is not surjective at some point & G P2 (corresponding to a reduced conic Cb), it has 
rank 2 at the general point, hence its rank is 2 everywhere by (*). Thus we have 
an exact sequence of vector bundles. 



with L some line bundle. The rational projection 

f{£) - - ^ 

is defined outside the section S oiY{£) corresponding to £ — > L. Since STlX ~ 0, 
the projection is holomorphic on X , defining a 2:l-covering 

a:X^¥(T), a*Op(^)(l) = -i^x, 

factorizing xj;. By the Leray spectral sequence, H^{¥{T),Or(^jr-^{l)) — H^{P2,J-) — 
0. Then L cannot be spanned, i.e., 

i = Op,(fc), fc<0. 

Since SCiX = we can now compute L in terms of T. Using (|3.1.1|l and C|s = L, 
we find 

L®2 ^det£(^Kp^, 

or, using det £ ~ det T ® L, 

As a first consequence, we note that S'^J- ® det JT* [—Kp^) ~ S^JT (g) L* is am- 
ple, which implies that P(jr) is Fano. Moreover we see that there are only two 
possibilities for (detJF, L): 

(Op, (2), Op, (-1)), or (Op, (1), Op, (-2)). 

The case det T ~ Op, is impossible since J- cannot be trivial. 

Using the list of "Fano bundles" over P2 (' |SW90| ') we obtain X as stated in the 
Proposition. By Griffiths' vanishing theorem, H'^{¥'2tT ® L*) = 0, which implies 
£^T®L. 

It remains to consider the case that for any 6, where £ is not spanned, the fiber 
Cfc is a double line. In the hyperelliptic case we may assume R-Cp = 0, for otherwise 
we can conclude exactly as above. In both cases, whether X' is hyperelliptic or not, 
ip is not an isomorphism at any point of Ch^ hence is divisorial, sending D to the 
line iJ.{'4'{{Cb)red)) C Pg+1. Note that i? ■ Cp = in the hyperelliptic case, which 
implies that all ramification comes from P2. 

A line is cut out by hyperplanes. Hence —Kx ^ oiD will be generically spanned 
for some a G N, which implies {—Kx — aD) ■ Cp > 0. From —Kx ■ Cp ~ 2 and the 
fact that D ■ Cp must be even, since A 7^ 0, we get —Kx ■ Cp = D ■ Cp and 

-Kx-D^^*OrM 

for some k £ N. Let denote the general positive dimensional fiber of tp. Inter- 
secting with using D ■ = —2 shows fc = 1 or 2. 

We prove H^{X, Ox{D)) = 0. By Serre duahty this is equivalent to h'^{Ox{Kx- 
D)) = 0. From 

OxiKx -D)^ OxiKx) Od{Kx) 

and h^{Ox{Kx)) = we see that it suffices to prove h^{OD{Kx)) = 0. Since 'il}{D) 
is a line, h^iOoiKx)) ^ h\Vi,Op,{-l)) ^ 0. 

But H^iX,OxiD)) = H^{X,-Kx-(t)*Ov^{k)) ^ 0, for k ^ 1,2. This says that 
the restriction map 

ff"(P2,f) ^-ff"(C,£|c) 
16 



is surjective for any line or conic C in P2. Since £ is globally generated away from 
points, £\c is globally generated. This contradicts Bs{£) ^ 0. The Proposition is 
proved. □ 



From now on we assume that £ is globally generated. And we assume again that 
ij) is divisorial. We write for the irreducible exceptional divisor D : 

D = a(-Kx) + r{0{f3)) 

with rational numbers a and (3. Actually a and f3 are integers unless A = 
(intersect with an irreducible component of a reducible fiber). Thus jCj defines 
via Stein factorisation a map ip : ¥{£) — > P' extending tp and in total a map 

Toi/i : F{£) -^W C Fg+i. 

3.3. Theorem. B ~ i^{D) is a smooth curve unless X = P(Op2 ® ^P2(3))- 

Proof. We must first show that dim^/'(D) = 1. So suppose dim?/'(-D) — 0. Then 
Kx\D = 0, hence D must be a multi-section of (p. Write I — for a smooth fiber 
of (j) over p e P2. Since £ is spanned, 

H'^{£)^H\£\{p}) 

is onto, hence so does 

H\-Kx) ^ H\-Kx\l). 
Hence /i o is an embedding, D is a section of and is a Pi— bundle. Write 
X = P(.F) . Since (j) has a section, T splits and after normalising we can write 

T = 0®0{a). 

Since —Kx is nef but not ample, S'^{J-') ® detJ-* ® -^Kp^ is ncf but not ample. 
This gives a = 3. 

Finally the smoothness of B is (|1.8|l . □ 
First we classify the Pi— bundles, i.e. the case A = 0. 

3.4. Theorem. // A = 0, then X = P(JF) is one of the following. 

(1) T=Op,(BOp,{3), (A.3,no.l); 

(2) T is given by an extension 

with a point p G P2, (A. 3, no. 2); 

(3) J- is given by an extension 

O^O(-l) -^T^Iz ^0 

where Z has length 4, (A. 3, no. 3); 

(4) J- is given by an extension 

where Z has length 6, (A.3,no.4). 
Proof. Write 

X = F{T) 

with a rank 2-bundle on P2 normahsed such that ci{T) = 0, —1. Set r] = C'p(jr)(l) 
and D = ari + (j)*{0{b)) with integers a, b. By (3.3) we may assume that dim ■0(1?) = 
1. 
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First suppose ci(^) = 0. The nefness of —Kx translates into the nefness of ^(|)- 
However this bundle is not ample. Now consider a curve contracted by V, i-e. 
Kx ■lij = 0, i.e. 

{v+ noil))) -1^ = 0. 

Since must be a section of 4> over its image, <j){ljp) has degree at most 2 and 
so we have 0*(0(1)) ■ = 2. So is ample on all lines but not ample on a 

1-dimensional family of conies. This is impossible: if V is a vector bundle over P2 
which is ample on all lines, then V cannot be non-ample on the general member 
of a 1-dimensional family of conies. Indeed, if V is non-ample on such a family of 
conies, then this family must contain a splitting member (since the splitting conies 
form an ample divisor in the P5 of all conies). But V is ample on this splitting 
conic, hence ample on the general member of the conic, since ampleness is an open 
condition. 

Thus we cannot have Ci(J^) = 0. 

Now suppose ci(^) = —1. Here J^{2) is nef but not ample. The equation K'^-D = 
leads to 

C2{T) =3^ + 1. 

Since [r] -\- <^*(C)(2))) • = 0, we obtain 6 = 2a — 1 or 6 = 2a — 2. Since ci{T') is an 
integer, this leads to the cases (a, 6) = (1,1), (3, 5) resp. (1, 0), (2, 2), (3, 4), (6, 10) 
and C2 = 4, 6 resp. C2 = 1, 4, 5, 6. 
Riemann-Roch gives 

h\T{:i)) = x(.F(2)) = 9 - C2{J') > 3. 
Now choose the minimal integer A such that 

H°{J^{X)) ^ 0. 

The existence of D with a,b > yields A > 0; actually A > ^, since D sits on the 
boundary of the effective cone. 

If A = 0, then 6 = 0, a = 1 and C2 = 1. Since has a section without zeroes in 
codimenion 1, we obtain a sequence 

O^O^JP-^ Jp(-1)^0 (*) 

with p some point in P2. Conversely, we construct J-" by the Serre construction as 
an extension (*). Then J- {2} is spanned and, setting X = f{J^), —Kx is big and 
nef but not ample. The morphism associated to —Kx contracts a divisor, namely 
the union of all negative sections sitting over the lines through p. 
If A = 1, then we cannot have 6 = (since then a = 1, contradicting the minimality 
of A), hence (a, b) = (1, 1), (2, 2). The second case is impossible since then D would 
be a multiple of some effective divisor. Hence C2(.F) = 4 and we end up with a 
sequence 

O^e)^JP-(l) ^Xx(l) ^0 

where Z has length C2(.?'(l)) = C2{J^) = 4. For the existence we argue as before. 
If A = 2, then we have a sequence 

0^0^ T{2) ^ Jz(3) ^ 

where Z has length C2(.F(2)) = C2 + 2. Since /i°(.F(l)) = 0, the bundle is stable. 
We have to exclude the cases (a, 6,02) = (3,5,6), (3,4,5), (6,10,6) from above. 
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Then the following Example 13.51 completes the proof. Let H = + 0*C'p2(2), i.e. 
-Kx = 2H and H = ijj* H' for some H' e Pic(X') with -Kx' = 2H'. We have 

1.) Assume (a, 6, C2) = (3, 5, 6) or (6, 10, 6). In these cases = 1 and hence by 
[Shi^ . 

X' — >W cFq 

is a 2:l-covering of the Veronese cone W, moreover \H'\ has a single base point p 
and the general member S' £ is smooth in a neighborhood of p. In particular, 
p G Xl.^g, meaning B — ip{D) does not contain p. The blowup Xp = Blp{X') sits 
in the diagram 

X'p P(Op, © OvM) = Blp{W) 




P2 



The map X'^ P2 is an elhptic fibration and the 2:l-covering X'^ P(Op2 ©^'^2 (2)) 
is ramified along the disjoint union of the minimal section of P(Op2 ffi C'p2(2)) and 
a 3:l-covering K of P2. Since p ^ B we may view B also as a curve in Xp. It is the 
singular locus of the surface K. 

The restriction of K to any fiber of P(C'p2 ® Op2(2)) — > P2 that meets B 
gives a singular cubic polynomial, the points of intersection of the fiber with B 
corresponding to multiple roots. A cubic polynomial can have at most one multiple 
root. Hence B is mapped isomorphically onto its image in P2, i.e., _B is a plane 
curve. 

For (a, 6, C2) = (3, 5, 6) we have 

g{B) = h\D, Od) = h\X,Ox{-D)) = h\¥2,T{l)) = 2 

by Riemann Roch. This is impossible. For (a, 5, C2) — (6, 10, 6), we have 5 = 2a — 2 
and (j)*Ov^{l)-l,j, = 1. Then D ^ B is a Pi-bundle, hence Kf, = 8(1-5(5)). This 
gives us g{B) — 30. On the other hand, deg(i3) = — = 16, which is again not 
possible for a smooth plane curve. 

2.) Assume (0,6,02) = (3,4,5). Then = 2 and by jShi89j . \H'\ is base 
point free, defining a 2:l-covering X' —>■ P3, ramified along a quartic in P3 with 
singularities along the image of B. The strict transform of the ramification divisor 
is a section in 2H — D = rj, which is absurd. □ 

3.5. Example. Let xq, . . . ,X4 be homogeneous coordinates of P4. Let B — B4 
be the rational normal curve of degree 4 in P4, cut out by the six 2x2 minors of 

/ Xq Xl X2 X3 
\ Xl X2 X3 Xa 

i.e., by go = 2:0X2 - , qi = X0X3 - X1X2, q2 = X0X4 - X1X3, 93 = a;ia:3 - x^, 
q4 = X1X4 — X2X3 and q^ = X2X4 — x§. For X', take the secant variety Si{B) to B, 
defined by the cubic determinant 

Xq Xl X2 
Xl X2 X3 
X2 X3 X4 
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eff°(P4,4/p,(3)). 



Then X' is a canonical Gorenstein Fano threefold with singularities of type cAi 
along B. The blowup X = BIb{X') is almost Fano with ~Kx = i>*Ovi{2)\x- 

Denote the blowup map El 3(^4) — > P4 by V' as well, and by D the exceptional 
divisor. The quadrics goj • ■ ■ i95 define a morphism cf) : BlB{J?i) — > P5 onto the 
smooth quadric 

Q = qim - q2q3 - qoqa- 
The map 4> is nothing but the blowup of Q in a P2 , embedded into P5 via Veronese 

[s : t : u] I— > [s^ : —su : — st : st : —tu : t^], 

f |Hr92| . p.90). Our X is the exceptional divisor of 0, i.e., X = P(7V^^/q). The 
Chern classes of the rank two bundle Np^^g on P2 are easily computed: 

ci{N;^/q) ^ -5H, c,{NI/q) = 10. 

Then = Np^^q{2) has Chern classes ci{J-) = — 1 and C2{J-) = 4. Clearly and 
do not have sections. 
The bundle T gives a single point in the moduli space Af (— 1, 4). For JF general, 
~Kx remains big and nef, but il) is small, contracting the (finitely many) jumping 
lines. 

3.6. Example. Consider P4 — Y'ro]£.[v,'W,x,y,z\. Let I be the hue defined by 
the homogeneous ideal // = {x,y,z). Let X' be the zero set of a general cubic 
in if such that in particular X'^^^g = I. Then X = Bli{X') is an almost Fano 
threefold, li il) : X —* X' denotes the blowdown as usual, then —Kx = iy*Op^{2) 
and i-Kx)^ = 24. 

On X, the net \4>*Op^ {1) — D\ is spanned, defining a Pi-bundle structure (j) : X ^ 
P2. Let J- be the normalized rank two vector bundle on P2 such that X — F{T). 
Since —Kx is divisible, ci{J-) = —1. A general S G | — iJCxI is an almost del Pezzo 
surface, obtained by blowing up a cubic in P3 in a single du Val point. Hence 
i^l 3 and €2(^(2)) = 6. Then [T] G M(-l,4). Since has a section given 

by £>, JF is a Hulsbergen bundle. 

If the cubic defining X' is general enough, its singularities along I will be generi- 
cally cAi, with three dissident points at the intersection with the discriminant cubic 
A C P4. For special X', for example, the zero set of 

we get CA2 singularities, up to two dissident points of type cD^. Here A = xvw. 

From now on we shall assume A 0. 

3.7. Proposition. 

(1) a{~Kxf+P{l2-d)^0. 
(2) 

D -1^= /3deg(0|?^) deg(0(?^)), 

in particular (3 = —1, —2. 

(3) If D is not a ¥i~bundle over B, then [3 = —1. 

(4) If ij] is birational, then {—Kx)^ > 4. 
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Proof. (1) The equation K"^ -0 = reads 

ai-Kx)'' + pKj, ■ ^*{0{1)) = 0. 

Then (1) follows via 

Kl^-^*{0{1)) = 12-d. 

The first formula in (2) is clear and the second follows from D ■ = —2. 

(3) Suppose that D is not a Pi— bundle. Recall that D ■ = —2. Moreover the 
family splits, hence the image family in P2 splits, i.e. (pHip) is a conic and by (2) 
we obtain /3 = — 1. 

(4) Finally, if {-Kxf = 2, then h°{£) = 4, so that |C| maps to P3 and cannot 
be birational. □ 

3.8. Proposition. 

(1) Iftp is divisorial, then it contracts a unique divisor D and nothing else; and 
DnX = D. 

(2) // ip is divisorial, then A > 0, ci < 3 and 

aicf - C2) + (3ci = 0. 

(3) IfD extends to D e \aC + n*{0{p))\, then 

2a{c\ - C2) + (a(3 - ci) + 2/3)ci + (3 - ci)/3 = 0. 

(4) If a < 2, then D extends. 

(5) If dim. Z = 3, i.e. is a fibration, then c\ = C2. Moreover A > 0, i.e. 
ci < 2. 

Proof. (1) Only the second assertion needs a proof. Let D be the unique exceptional 
divisor of ij). Using ci < 3 (sec (2)), cither ci < 2 and f is a Fano bundle or ci = 3 
and — ifp(f ) is big and nef but not ample. In this second case, X ■ l^ = {2Q + 
7r*(0(3 — Ci))) • = 0. Since every curve which is contracted by -ij), is proportional 
to Z,/,, it is either contained in X or is disjoint from X. Hence D r\ X = D. In the 
first case one can just use the classification or show directly that D ■ = 2 which 
easily implies the claim. 

(2) The first assertion follows from X ■ l^ > and the second from C"^ • £> = 0. 

(3) This comes from K]^ ■ D = C ■ X ■ D = 0. 

(4) The obstruction for extending D is in 

H\¥{£), -2C - 7r*(0(A)) + aC + 7r*(0(/3))) = 0. 
This group vanishes if a < 2. 

(5) is again clear from X ■ > 0. 

□ 

A direct numerical consequence is 

3.9. Corollary. 

(1) If ijj is divisorial, then ci = 3 or C2 = 0. // /? = —1, we have (a, 01,02) = 
(1,3, 6), (1,1,0). If 13 = -2, we have (a,ci,C2) = (1,3,3), (2,3,6), (3,3,7), 
(6,3,8), (1,2,0). 
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(2) If is not birational, then (01,02) = (1,1), (2, 4). 
Proof. (1) Using (3.8)(2) and (3), we obtain 

(3_ci)(l--2^)=0, 

Ci — C2 

hence ci = 3 or C2 = 0. Now wc just use 3.8(2) to obtain the listed cases, having in 
mind > C2 since ip is birational. 

(2) is obvious from (3.8) (5). □ 

3.10. Corollary. Suppose is not birational. Then (5 = —1 and X is a complete 
intersection in P2 x P3 of degree (1,1), (2, 2) resp. (1,2), (2,1). However in these 
cases tp is small. 

Proof. Applying (3.9) (2) we are reduced to two cases. In both cases F{£) is Fano 
and we can apply the classification [SW90]. 

If (ci,C2) = (1, 1), then £ = Tp,(-1) © e> and A = 2. Thus ¥{£) C P2 x P3 is 
a divisor of degree (1, 1). To sec that tjj is small, suppose the contrary. Then 
h°{Ox{D)) = 1; therefore D = 2{-Kx) + 0*(O(-1)) yields 

h%S\£){-l)) = 1, 

which is clearly not true. 

If (ci, C2) = (2, 4), then £ is given by an exact sequence 

0^O(-2)^O'^^£^0 

which realises F{£) as a divisor of degree (2,1). Again we see easily that tp is 
small. □ 

So from now we may assume (and do) that tp is birational. 

3.11. Proposition. Suppose (3 = —2. Then X is one of the following. 

(1) £ = 0{2) © 02 and X e \2C + 7r*(e>(l))|, (A.3,no.5); 

(2) £ = O ® T or a non-split extension 

Q~^O^£-^T-^0 
where J- is given by a non-split extension 

^ 0(2) ^ ^ Ip(l) ^ 

for some p € P2, (A.3,no.6); 

(3) f = 0(2)©rp,(-l), (A.3,no.6). 

In all cases but the first, X e \2Q\. 

Proof. Since (3 = —2, then by (3.7)(3), D is a Pi— bundle over B. Let e be its 
invariant [Ha77,V.2] and Co a section with Cq = — e. 

(A) First suppose that ^ is divisorial. By (3.9) we have six possible triples for 
{a,ci,C2). If C2 = 0, then ci = 1,2 so that £ is a Fano bundle. Hence by [SW90], 
£ = 0{a) © with a = 1, 2. The case a = 2 certainly occurs, while in case a = 1 
we obtain (3 = —1. 

Now assume c\ = 3. In that case —K-^^s) is spanned and nef, but not ample. 

Equivalently £ is nef with C big, but £ is not ample (otherwise —Kx = C,\^ would 
be ample or apply [SW90]). Notice that we may assume that £ is spanned as 
already observed in (3.2). 
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(1) ci = 3, C2 = 3. Choose a general section of £ without zeroes to obtain an exact 
sequence of vector bundles 

^ ^ £ ^ ^ 0. (5) 

Then J- is a, spanned rank 2- bundle with ci = 3, C2 ~ 3. First notice that T is 
not ample. In fact, if is ample, then it is a Fano bundle, hence J- = Tp^. If (S) 
splits, then would be small, contracting simply P{0). If (S) does not split, then 
£ would bo ample (as jet bundle), contradiction. 

So .F is not ample. Hence —Kp(^j7-^ is big and spanned, so that (3.4) applies and 
is given by an extension 

^ 0(2) ^J^^ Jp(l) ^ 0. {S') 

If (S) splits, then ip contracts exactly D = F{0 © Jp(l)), providing an example. 

If (S) docs not split, we argue as follows. 

The divisor D is given hy D = ¥{Q), where the torsion free sheaf Q is given by 

^ 0(2) -^£ ^0. 

In fact, D = C + 7r*(0(-2)) since /3 = -2 and a = 1. Notice ci{g) = 1 and 
C2{g) = 1. Consider the exact sequence 

where g** is locally free and Q supported on a finite set. Then 

C2{g**) = C2{g) - i{Q) = 1 - i{Q). 

Now g** has sections vanishing in codimcnsion 2 or nowhere, hence C2{g**) > so 
that 1{Q) < 1. If 1{Q) = 0, then g is aheady locally free and 5; = 0{1) © O for 
all lines, so that ^ = 0(l)©Oor Tp2(— 1) by the classification of uniform bundles. 
The first case is ruled out by C2{g) = 1, but the second of course exists. 
If /(Q) = 1, then C2{g**) = and therefore g** is spanned, actually g** = 0(1)®0. 
This case exists, too; here is defined by {S') and £ by (S). The sheaf g is given 
by an extension 

0^0^ g^ipii) 0. 

(2) ci = 3, C2 = 6. Again the divisor D is given hy D = P(^), with 

^ 0(2) -^£ -^g ^0. 

Here ci{g) = 1 and C2{g) = 4. Since g** is generated outside a finite set, it is nef, 
hence gf* = 0(1)©0 for all lines i C P2. Using the classification of uniform bundles 
as above and taking into account C2{g) = 4, we obtain in the same notations as 
above that 1{Q) = 4 and g** = 0(1) © 0, or 1{Q) = 3 and g** = Tip,(-1). In both 
cases we immediately see that g cannot be spanned. 

(3) ci = 3, C2 = 7. This case is ruled out as in (2). 

(4) ci = 3, C2 = 8. Here h^{£) = 3 = hP{—Kx) by Riemann-Roch, so that tp cannot 
be birational. 

(B) Now suppose that ip is small. 
(1) If a > 3 we argue as follows. By (3.7)(1) we have 
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i-KxT = 



a 
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On the other hand, we must have h^{£) > 5, otherwise ip cannot be birational. 
First suppose h^{£) > 6. This gives a = 3 since we assume d > 0. Moreover 
d = 3, {—Kx)^ = 6 and h°{£) = 6. Also notice that D is a Pi— bundle over B since 
(3 = —2. Via the adjunction formula and again using the notation g = g{B) we 
obtain 

8(1 - g) = Kl = (Kx + Df -0 = -160, 
hence g = 21. This shows that (j)o must be finite because otherwise the exceptional 
section Cq is contracted by (f)jj and therefore Cq is rational contradicting g = 21. 
If 4>D is finite, we must argue differently. Notice first 

g = h\OD) = h\Ox{-D)) = h\Kx +D) = 

= h\-2Kx + rm-2))) = h\S\£{-l))). 
Via the exact sequence 

^ 8) (2C ® 7r*(0(-2))) ^ 2C ® 7r*(0(-2)) -2Kx O ^*(C'(-2)) ^ 
and 

H°{-2Kx(^(p*{O{-2)))=0 

(since a = 3) and 

H°{Ix ® (2C 7r*(0(-2)))) = ifO(Op,(ci - 5)), 

we obtain 

g = h'{S^{£{-m = -x{S\£{-m + h\0{c, - 5)). {E) 
Now Riemann-Roch gives 

X(52(£(-1))) =3c2-2ci-5c2. (EE) 
By 6 = h^{£) = x{£) S'lid with Riemann-Roch we conclude 

3 

Putting this into (RR) yields 

X(5^(^(-l))) = |-yCi + 15 

and finally with (E): 

|-^ci + 15 = i^l^%^-21. 
2 2 2 

This leads to Ci = 5 and C2 = 17. Now consider the exact sequence 

i?°(3C ® -K*{0{-2))) H°{Ox{D)) ^ i?i(3C ® 7r*(0(-2)) (g) 0(-^)) = 

= Fi(f) = i/i(-ifx) -0. 
The sequence shows that D extends, hence we may apply 3.8(3) and obtain a 
contradiction for the specific values ci = 5 and C2 = 17. 

Finally if h'^{£) = 5, then a = 3, 4, 5. The case a = 3 is excluded in the same way 
as before. If a = 4, 5, probably the same can be done, but it is more convenient 
to argue as follows. Since {—Kx)^ = 4, in our standard notation either c P4 is 
a quartic and fx is an isomorphism or is a quadric and /i has degree 2. In the 
first case, B is the singular locus of X' C P4 and cut out by cubics so that Is (3) 
is spanned. Hence —3Kx — D is spanned which implies a < 3. 
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In the second case we observe that /i°(Ib(2)) ^ 0, since [i is ramified along a 
quartic. Hence H^{—2Kx — D) ^0. This contradicts a = 4, 5. 

(2) Suppose now that a <2. Hence D extends to D, but D is not contracted by tp. 
Using -^x/p(£)l-^ ~ ^D/b ^"^^ conormal bundle sequence 

we conclude that X -l^ < 0, because otherwise ^^i^/fj is nef and therefore moves 

in D in a covering family. This is only possible if tp contracts D. 
SoX-l^<0 and from X = 2C + 7r*(0(A)), it follows A < 0, i.e. 

ci = ci(£) >4. 

(2.a) If a 2, then {-Kx)^ = 12 - d, so that {-Kxf = 4,6,8,10 so that 
h°{£) = 5, 6, 7, 8. Now (3.8(3)) gives 

cf - 2c2 + 2ci - 3 = 0. 

By Riemann-Roch for x{^) we obtain 

Ci - 2c2 + 3ci = 4, 6, 8, 10. 

Both quadratic equations yield ci = 1, 3, 5, 7. Since ci > 4 we end up either with 

ci = 5, C2 = 16, h°{£) = h\-Kx) = 7, {-Kxf = 8 

or with 

ci = 7, C2 = 30, h°{£) = hP{-Kx) = 8, {-Kx f = 10. 
Suppose first ci = 5. With the same computations as in (1) we obtain 8(1 — g) = 
{Kx + D)'^ - D = -32, so 5 = 5. On the other hand, as in (1), 

g = h\OD) = h\Ox{-D)) = h\Kx+D) = h\-Kx®4>*{0{-2))) = h\£{-2)). 

Now Ricmann-Roch shows x(f (-2)) = -6. Since hP{£{-2)) = h?{£{-2)) = 0, we 

obtain h}{£{—2,)) = 6, contradiction. 

The case ci = 7 is ruled out in the same way. 

(2.b) a=l. 

Since D = -Kx + (l)*{0{-2)), we have h°{£{-2)) = 1, and, more generally 

/i°(S""(£:(-2))) = 1 

for all positive integers m. This already shows A > —3. As in (1), we compute 
8(1 -g) = 8, hence 5 = 0. Therefore h\£{-2)) = so that 

x(^(-2)) = 1. 

By Riemann-Roch we obtain 

cf - 2c2 - ci = 2. 
On the other hand, (3.8) (3) yields 

cj - 2c2 + ci=6. 

Hence ci = 2,C2 = 0. This implies £ = 0(2) © O^ [SW90]. But then ip is 
divisorial; namely it contracts D = P(C'^). □ 

3.12. Proposition. Suppose that (3 = —1 and ip birational. Then X is one the 
following. 
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(1) X is a divisor in¥{0{l)®0'^) over P2 in the linear system \2C + tt*{0{2))\, 
(A. 3, no. 7); 

(2) Consider a vector bundle £ over P2 given by the exact sequence 

^ 0{-2) 0{l) © -> f ^ 0; 

then 

|2C|, 

(A.3,no.8). 
Proof. By (3.7) (1) we have 

a{-Kxf = 12-rf. 

This reduces aheady by d > to {-Kxf < 10. We also know {-Kxf > 4 (3.7(4)) 
so that a. <2. 

(1) Suppose that ip is divisorial. 

By (3.9) a = 1, and Ci = 1, 3. In the first case C2 = and by the classification of 
the Fano biuidlcs, £ = 0(1) © O^, which is one of the cases listed. 
If Ci = 3, then C2 = 6, then h°{£) = 6 and = 3 so that F{£) maps to a cubic in 
P5, and degr = 1. The exact sequence 

^ H°{C -£))-> H°{C) ^ H°{C\D) H\C -D)=0 

shows together with C-D = 7r*{0{l)) that h°{C\D) = 3, so that TipiD) is a plane 
or a curve in a plane. It cannot be a curve, since • ^ 0. So T'ip{D) is a plane 
and therefore P(f ) is the blowup of its image in P5 along a plane. Thus 

P(£:) cP(Op,(i)©o|J, 

coming from an epimorphism 

0(1) © ^ f ^ 0. 

Conversely, if £ is given by a sequence 

^ 0(-2) 0(1) © ©3 ^ £• ^ 0, 
then f is spanned. Let D = V{£) n V{0^) and take 

general. Then —Kx = Cs\X is big and nef, and ■ D = so that —Kx is not 
ample. 

(2) 'ip is small. 

By 3.8(4) the extension D exists, but ip does not contract D. 

(2. a) The case a = 2 is ruled out as follows. First apply 3.8(3) to obtain 

2cl - 4c2 + 5ci - 3 = 0. 
Since a = 2, we have {—Kx)^ = 4, hence h^{£) = 5. Thus Riemann-Roch gives 

cf - 2c2 + 3ci = 4. 

Comparing both formulas gives ci = 5 and C2 = 18. Thus = — C2 = T and 
so • X = • (2C + 7r*(0(-2))) = 4. Now |C| maps P(£:) to P4 such that the 
image W of X has degree 2 or 4. This case is ruled out by the method of Step 1 
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and 2 of Theorem 4.6 below. To be a little more precise, let us consider only the 
non-hyperelliptic case. We first compute 

32 = {2{-Kx)f = D^ + 3D^ ■ 0*(O(1)) + 3D ■ (l>*{0{l)f. {*) 

Then wc consider the blowup P4 P4 along B with exceptional divisor D whose 
restriction to X C P4 is of course just D. We compute easily 

g{B) = h\Ox{D)) = h\£{-l)) = 2. 

Next we compute 

= b^ ■X = -QdegB- A{g - 1) 
as in (4.6). By g = 2, we obtain degB = 8. Now X e |-0*(0(4)) - 2b\. Since 
'ip*{0{A))~2b\X = <t>*{0{2)) and since H^{Ox) = 0, we conclude that ?/'*(C(4))- 
2_D is spanned. On the other hand, we compute easily that (-;/;* (0(4))— 2D)'* = —96, 
a contradiction. 

The hyperclliptic case works similarly. 

(2.b) If a = 1, then {-Kxf can take the values 4, 6, 8, 10 so that h^{£) = 5, 6, 7, 8. 
Hence Riemann-Roch yields 

cl - 2c2 + 3ci = 4, 6, 8, 10. 
On the other hand, 3.8(3) gives 

Cl - 2c2 + 2ci = 3. 

Putting things together, we obtain (ci,C2) = (1, 0), (3, 6), (5, 16), (7, 30). Since C, ■ 
D > 0, wc have cf — C2 — Ci > 0, which deletes the first two cases. 

We next exclude the case (7, 30). Suppose the contrary and suppose also that the 
general M G \2( + 7r*(C(— 2))| is irreducible and reduced. Then we conclude from 
X e |2C + 7r*(0(-4))| that 

h\2C + 7r*(0(-2))) > h\n*{0{2))) + 1, 

since M is not in the space generated by X + 7r*(_ff"(0(2))) and 2D. Since 2C + 
7r*(e'(-2))|X = 2D, we have /i°(2C + 7r*(e'(-2)|X)) = 1, which yields a contradic- 
tion by taking cohomology of 

^ 2C + 7r*(e'(-2)) -X ^2C + 7r*(0(-2)) ^ 2C + n*{0{-2))\X 0. 

It remains to show that the general M is irreducible and reduced. Suppose the 
contrary and write 

We see immediately that after possibly renumbering, we have Mi G \2( + TT*{0{a}}\ 
with a < —3, ai = 1 and Mj G |7r*(C'(&j))| for j > 2 with bj > 1. Hence the general 
element of |2^ + 7r*(0(a))| is irreducible and reduced. This contradicts the exact 
sequence 

^ ff°(2C + TT*{0{a)) -X)^ H°{2C + Tr*{0{a))) H°{2C + Tr*{0{a))\X) = 
(notice 2C + n*{0{a))\X = 2D- (j)*{0{a + 2))). 

In the last case (5,16), observe that = 9. Hence degW C Pe has degree 3 or 

9. In the second case dcgr = 1, and h°{2C - X) C H"{Iwi2)). Since X' not 
hyperclliptic, X' C Pe is cut out by three quadrics, hence h'^{2(^ — ^) =3. But 
2C-X = 7r*(0(2)), contradiction. 
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If degT = 3, then W is "minimal", hence by classification, W is the image of a 
scroll P{T) with T a spanned bundle over Pi under the morphism defined by the 
tautological bimdlc, see e.g. [IP99,2.2.11]. Moreover the singular locus of W, which 
certainly contains B, is linear. This contradicts degi? = ^Kx • =3. □ 

In conclusion wo obtain the following 

3.13. Theorem. Let X be a smooth projective threefold with ~Kx big and nef 
but not ample. Assume p{X) = 2 and that X is a proper conic bundle (j) : X —>■ ¥2, 
i.e. the discriminant locus is non-empty. Assume that the anticanonical morphism 
is divisorial and £ = (^*(— Xx) is spanned. Then X is one of the following: 

(1) X isa divisor inF{0{l)®0'^) over P2 in the linear system |2C + 7r*(e'(2))|, 
(A.3,no.7); 

(2) Consider a vector bundle £ given by the exact sequence 

^ 0(-2) ^ 0(1) © ^ f ^ 0; 

then 

X G |2C|, 

(A. 3, no. 8); 

(3) £ = 0{2) © ©2 X e |2C + 7r*(0(l))|, (A.3,no.5); 

(4) £ = O ® T or a non-split extension 

Q^O^£^T^Q 
where T is given by a non-split extension 

^ 0(2) ^ jc- ^ ^ 

for some p G P2; here X G |2C|, (A.3,no.6); 

(5) f = 0(2) ©Tp,(-1) andXG|2C|, (A.3,no.6). 

4. Blowdown to a curve 

4.1. Setup. In this section (f) : X \s the blowup of a smooth Fano threefold Y 
with p{Y) = 1 in a smooth curve C. As usual, X is a smooth almost Fano threefold, 
such that the anticanonical map ip : X ^ X' \s divisorial. Let H G Pic(y) be the 
fundamental divisor and r the index of Y , i.e. 

-Ky = rH 

in Pic(y). Let E c X he the exceptional divisor of (j), so that E ~ ¥{N^^y) is a 
ruled surface. Then Pic(X) is generated by (f)*H and E. Let 

gc = g{C) and d = deg(C) =H-C 

the genus and degree of C, respectively. We have 

^Kx = (l)*{rH) - E 

and (t)*H^ -E = 0, (l)*H ■ E^ = -d, E^ ^ - deg(iVc/y) = rd + 2gc - 2. Therefore 

{-Kx f = r^H^ - 2rd + 2gc - 2. 
The restriction —Kx\e = C>e{1) (8) (j)*{rH)\E is still nef and also big, since E ^ D. 
Hence deg(7V2r/F ® {'''H)) > 0, implying 

(4.L1) 2gc-2< rd, d < r'^H^, 
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where the second inequaUty fohows from 2rd = r^H^ + + 2gc — 2 < r^H^ + rd. 

We note moreover 
(4.1.2) Vic{X')^'L-{~Kx'). 

Indeed: by assumption, the Picard number of X' is one. Let Pic(X') = Z-L for some 
hne bundle L on X' . Then —Kx' = kL for some integer fc, hence —Kx = k4>*L. 
The intersection with an exceptional fiber of gives 1 = —Kx ■ It/, — ktp* L ■ Z^, 
hence k = 1. This proves the claim. 

The following Lemma shows how we find examples: 

4.2. Lemma. Let Y he a smooth Fano threefold of index r. Assume that H is 
generated. Let X — Blc(Y) be the blowup of Y in a smooth curve C. Then —Kx 
is generated if and only if the curve C is cut out by hypersurfaces of degree < r. 

Proof. If the curve C is cut out by hypersurfaces of degree < r, then Xc ® OyirH) 
is generated. Then also Ox (—£')(g)(/)*C'y(r) ~ Ox (—-f^^x) is generated. Conversely, 
if —Kx is generated, then we have a surjection 

OT — Ox{-Kx) ^ Ox{-E) ® rOrirH) 0. 

The kernel is a vector bundle £ on X. If we can show R^(j)^:£ — 0, then C is cut 
out by hypersurfaces of degree < r. 

To this end let l^ ~ Pi be a fiber of E C. Then iV;^/^ ~ Op^ © Op,{l) and 
S\i^ ~ © Op,(-l). We conclude 

HHS^%/x®n = 
for any fc > 0. The formal function theorem gives R^(j)^:£ — 0. □ 

(A) Assume ip contracts JD to a curve. Then by Proposition 11.81 X is the 

blowup of X' along the smooth curve B — ip{D) and X' is a Gorenstein Fano 
threefold with cDV singularities along B. We have p{X') = 1. 

4.3. Some numerical data. Since —Kx = iJj*{—Kx') and D is contracted to a 
curve, we have 

K\-D^O and Kx ■ > 0. 
Since Pic{X) is generated over Z by _E and (f>*H, we may write 

D = a4)*H - I3E 

in Pic(X) for some a, /9 £ Z. Since (j) is an extremal contraction, we have D ^ E, 
hence D • > for a fiber l^ of E ^ C. This shows /3 > 0. On the other hand, D 
is effective, but exceptional, hence 

a,/3 > 0. 

Let l^ be the general exceptional fiber of ^ as usual. Then —Kx -1^ = gives 
r(j)*L[ ■ l^ — E ■ l^, hence -2 — D ■ l^ — {a — f3r)(l>*L[ ■ l^ by Proposition II. 81 We 
define 

e := j3r — a; then e = 1, 2. 
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4.4. Lemma. Assume i/'Ib : E —>■ ipi^) is not finite. Then C ~ Pi is either a 
line or a conic in Y with Nq/y ~ Op-^{rd) Opj(— 2). In particular, r <2. 

Proof. We have ah-eady seen that —Kx is still free and big on E. Hence, if V'Ie is 
not finite, then the minimal section Cq of the ruled surface E is contracted by ip. 
This means Cq is a fiber or a component of a fiber oi D B, hence Cq ~ Pi with 
D ■ Co — —1, —2 by Proposition II. 81 With the above notation we have 



since —Kx is trivial on Cq by assumption. We conclude d < 2 and N'^^yi'^^d) is 
nef, but not ample. The adjunction formula yields AegNc/y — dr ~ 2, completing 



4.5. Lines and Conies. 1.) Assume C C y is a line. For r > 3, the blowup 
X = BlciY) is a Fano threefold. For r = 1, we obtain an almost Fano threefold, 
where ij) is small ( |IP99| . Corollary 4.3.2). Assume r = 2. For > 3 again X 
is Fano (TPSQ , Proposition 3.4.1). Hence assume < 2. Then the third line 
in (|4.3.1|1 reads —2/? = 2(3 + a — 4aH^, hence 4 | a. We conclude e = 2. Using 
{-Kxf = - 6, the first Hne of (jOTll reads P{AH^ - 3) = 4H^ - 1. For 
H'^ = 2 we obtain 5(3 — 7, which is impossible; for = 1 we get (3 — 3 and hence 
a = 4. Since e = 2, we have (t)*H -l^ ~ 1, hence I? is a smooth ruled surface over B. 
By the following Lemma f4. 81 ~ 2, hence Kj^ = 8(1 — 55) = — 8, contradicting 
Kli = {Kx + D f ■ D = -24 by adjunction formula. 

2.) Assume C C F is a conic. Again, X — Blc(Y) is Fano for r > 3. Assume 
r = 1. First note that -Kx is not big for H'^ < 6. Then jIF99] . Corollary 4.4.3 
says: —Kx is big and nef for > 8; -0 is small for > 12 and C general; ■0 will 
always be small for > 16. We obtain no. 1 and 3 in table r^T4l for = 8 and 
10 (see |IF^ . p.86 for = 10). The case = 12 is excluded by the first line of 
(|4.3.1|l : for = 14 we obtain e = 2, /? = 3 and a = 1. Then D is a smooth ruled 
surface over B, but the adjunction formula yields Kjy = — 18, which is not divisible 
by 8. Assume now r — 2. The third line in (|4.3.1|l gives a{2H^ — 1) = 3(3, which is 
together with e — 2f] — a only possible for = 2. Here we have a — (^ = e. The 
case e = 2 is again impossible by Lemma [4.81 We obtain no. 5 in table IA.4I 

From now on we will assume C is neither a line nor a conic. Then iP\e is finite by 
Lemma f4. 41 i.e., the image of tp still contains a one-dimensional family of disjoint 
lines. If X' is hyperelliptic, this means W cannot be the Veronese cone, hence 
Proposition 11.61 implies here 

4.6. Corollary. Assume X' is hyperelliptic and C is neither a line nor a conic. 
Then {-Kxf < 4. 

4.7. Mukai's classification. In |Muk95j . Mukai describes the embedding of all 
Gorenstein Fano threefolds with canonical singularities, such that the anticanonical 
divisor does not admit a moving decomposition (see table lA.ljl : by definition, a 
linear system \L\ on a normal projective variety admits a moving decomposition, 
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D-Co = {(3{-Kx) - e^H) ■ Co 



e<l>*H ■ Co, 



the proof. 



□ 



a L ^ A + B, where A and B are Weil divisors, such that \A\ and \B\ are both of 
positive dimension. 

In our case, —Kx' generates Pic(X') as seen in (14.1. 2|l . This means, \—Kx'\ 
cannot admit a moving decomposition, whenever X' is factorial. With notations 
from |KM98j . the map -tj) : X ^ X' is a. (divisorial) log contraction of the kit pair 
{X,vD) for any < 1/ < 1 rational. By |KM98j . Corollary 3.18, X' is Q-factorial. 
A closer look at the proof shows in fact X' factorial whenever (}>* H ■ = 2. This 
means, e = 1 implies X' factorial and that Mukai's classification applies. 

4.8. Lemma. Let H' be a general hyperplane section o/Pg+i. Then 

(1) B is a smooth curve of degree fi* H' ■ B = ^Kx ■ and genus 

gs = l- — +Kx-D^^ -D\ 
r 12 A 6 

where = a^H^ + P^{Pr - 3a)d + 2(3^{gc - 1). 

(2) Ife = 2, then = 4d- 

Proof. Consider for m ^ the twisted ideal sequence of D in X 

Oxi-mKx ~D)^ Oxi-mKx) Ox{-mKx)\D 0. 

By Kawamata-Viehweg vanishing, h^{X, —mKx) = for i > 0. By ProDOsition ll.81 
D ■ < for any irreducible curve contracted by 4'^ i-e- —mKx ~ D is big 
and nef for to ^ 0. Therefore h^{X, —mKx — -D) = for i > 0. We obtain 
h^{X, -mKxlo) = for i > 0, hence 

h°{B, mti*H'\B) = h\D, -mKx\D) = x{X, -mKx) - x{X, -mKx - D). 

By the Riemann-Roch formula for threefolds, then 

mfi*H'\B) = ^C2(X) • D + ^Kx ■ + ^D^" + m ■ ^Kx ■ D^. 

Since h^{B, mfi*H') = for to 0, the linear term of the right hand side is 1 — gs- 

03 = 1- —C2(X) ■ D - -Kx ■ - -D^. 
yti 12 ^ ^ 4 6 

To compute C2{X) ■ (l>*H and C2{X) ■ E note 

X(r, H) = h\Y, H) - = x{X, 4>*H) 

and -Kx ■ C2{X) = ci{X) ■ C2{X) = 24. We get C2(X) • (j)*H = ^ + d and 
C2{X) ■ E — rd. The first claim follows. Pulling back the cycle iX*H'\b to X, we 
obtain —Kx ■ = D ■ J^h = {p*H' ■ B) ■ {D ■ li) for general exceptional fibers k 
of ijj, hence fi*H' ■ B = ^Kx ■ . 

Finally assume e = 2. Then D is a Pi-bundle over B, hence smooth with 
Kl, = 8(1 - gs). By adjunction, K^, = 2Kx ■ + . □ 

4.9. Theorem. Let X be an almost Fano threefold with p{X) = 2. Assume 
X = Blc(Y) with Y a smooth Fano threefold of index r and C <Z Y a smooth 
curve, and assume \—Kx\ induces a divisorial map -0 : X — > X' , contracting D to 
a curve B C X' . Then we are in one of cases no. 1-24 i'^ table \A.4\ and all of them 
really exist. 

31 



4.10. Lemma. Assume C is neither a line nor a conic. Then in the situation of 
the theorem 

D = a(f)*H - [3E =^ 1 < /3 < 4 

and either 

(1) a = /3r- 1, (t>*H -l^ = 2 or 

(2) a ~ (3r ~ 2, (jf H -1^ = 1 and D is a smooth ruled surface over B . 

More precisely: if X' is not hyperelliptic, then (3 < 3. If X' is hyperelliptic, then 
one of the following holds 

(1) {-Kxf = 2 and either f3 < 3 or f3 ^ A and e = r; 

(2) {-Kx f = 4 and either (3 < 2 or {3 = i and e ^ r . 

No. 22 in table I A. 41 shows that the bound for j3 in the Lemma is sharp in the 
non-hypereUiptic case. 

Proof. 1.) The case X' not hypcreUiptic and g < 5. By Proposition X' is a 
complete intersection in Pg+i, namely, a quartic hypersurface in P4, the intersection 
of a quadric and a cubic in P5 or the intersection of three quadrics in Pg. In all of 
these cases, the Jacobian ideal is generated by cubics, defining some subscheme B 
of Pg+i, such that B^ed ~ B. Denote by X = X'^/p^^^ the ideal sheaf of B. Then 
X(3) is globally generated, and if we define 

then also J (S)Ox{—'iKx) is generated. Outside of some codimension two subset of 
X, the sheaf coincides with Ox{—^D) for some A > 1. If we restrict Ox{—^D)^ 
Ox{—3Kx) to the general exceptional fiber l^ of (f), we still have sections, implying 

i-3Kx - \D) ■l^>0. 

This gives /3 < f < 3. 

2. ) The case X' not hypereUiptic and 5 > 6. By H4.3.1fl . 

(4.10.1) i^Kxf = g 2Z. 

From g > 6 we infer {—Kx)^ > 10. In order to see (3 < 3 we have to prove 
r^H^-d < 19. From Iskovskikh's classification we get r'^H^ < 22, hence r'^H^-d < 
21. If r'^H^ - d > 20, then r ^ 1, = 22 and d < 2, implying C is a line or a 
conic, since H is very ample. 

3. ) The case X' hyperelliptic. Since C is neither a line nor a conic, we have 
{—Kx)^ < 4 by CoroUarv 14.61 If 14^ = P3, then /i is ramified along a sextic S € 
|C'p3(6)|, which is singular along the image IJ.{B) ~ B. The reduced strict transform 
S' of 5 in X gives a smooth section in \-3Kx - D\ = \{3r - a)(j)*H - (3 - (3)E\. If 
E is not a connected component of 5, then the intersection with Irj, yields /? < 3. 
If i? is a component, we claim S ~ E. Assume S = E + S' with some effective 
S' e \(j)*{r — €)H\. This is impossible, since S is smooth, but any section oi \H\ 
meets the curve C on Y. We conclude (3 = 4 and e = r in this case. If C P4 is 
a quadric, then fj. is branched along a quartic. The same argument completes the 
proof of the lemma. □ 

Proof of \4.!J\ By Corollarv ll.51 —Kx is globally generated. We have already con- 
sidered lines and conies in 14.51 and obtained no. 1,3, and 5. Assume therefore C is 
neither a line nor a conic. The structure of the proof is as follows: First we show 
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some numerical conditions in Step 1,2 and 3. By the lemma, (3 < A. We consider 
the cases /3 — 1,2,3 and 4 in Step 4-7 separately. Finally, we will construct almost 
Fano threefolds corresponding to the data listed in table lA.H in Step 8. 

Step 1. Numerical formulas in the case {^KxY ^ ^ '^'^'^ ^''^ hyper elliptic. 
Then X' is a complete intersection in Pg+i by Proposition 11.71 and hence X is a 
complete intersection in the blowup 

of Pg+i in the smooth curve B. Call the exceptional divisor D and let again be H' 
be a general hyperplane section of Pg+i. Then \l)\x = ^ and D O X = D. We have 

e(j}*H = f3{-Kx) - H' - D. 

The following formula's on intersection numbers are well known: ip*H'^'^^ = 1, 
^*H' ■ Da = (-1)9+1 deg(B), f^g+i ^ {^l)a+^{2gB - 2 + (.g + 2) deg(S)) and 
^*H" ■ D9+^-' for i ^ 0, 1,5 + 1. 

If {-Kx)^ = 4, then X e \4:^*H' - 2D\; if {-Kx f = 6, then X is the complete 
intersection either of type {3ip*H' ~ 2D, 2^)*H' - 5), or (3^* if' - D, 2^)*H' - 2D)- 
ii{-Kxf = 8, then X is of type {2$*H' D,2$*H' ~ D,2$*H' -2D). We obtain 



(4.10.2) 


i-Kx)^ = 4 : e^H^ 


= 4/3^ - 


(6/3 


-6)deg(i3)- 


H 4(.gs 


-1); 


(4.10.3) 


i-Kx)^ = 6 : e^H^ 


= 6/3^ - 


(6/3 


-5)deg(i3)- 


1-4(35 


-1); 




or e'H^ 


= 6/3^ - 


(6/3 


-4)deg(i3)- 


H 4(.gs 


-1); 


(4.10.4) 


{-Kx)'^&: e'H' 


= 8f3^ - 


(6/3 


-4)deg(i3)- 


1-4(35 


-i). 


Step 2. 


Numerical formulas 


in the case 




hyperelliptic. 


Here 





is ramified along some Cartier divisor in and W is either P3 or a quadric in 
P4. We obtain an induced double cover a : X ^ Bl^(^B-f{W). Since D C X is 
exceptional, it is stabilized by the automorphism inducing a, i.e. a* D' = D with 
D' the exceptional divisor for a. 

As in the last step, write e(l)*H = /3{-Kx) - D. Then e^H^ = 2{(icf* H' - D')^ 
yields again (|4.10.2II for {-Kx)^ = 4 and 

(4.10.5) {-Kx)^^2: e^'ii^ = 2/3^ - (6/3 - 8) deg(B) + 4(35 - 1). 

Step 3. If r = \, then > 10. Indeed: by (gTTJ, 2gc - 2 < d, hence 
h'^{C, H\c) — 1 ~ gc + d hy the Riemann-Roch theorem. Again, by (|4.1.1|l . we 
obtain 

h'\C,H\c)<^-l. 

On the other hand, H is ample and globally generated by |IP99| . Corollary 2.4.6, 
hence /i°(C, H\c) > 2. This shows > 6. If = 6, then h°{C, H\c) = 2, i.e. C 
is a line. If H'^ = 8, then C is a plane curve, meaning 2gc' = {d — l){d — 2). Then 

2.gc - 2 = rf(d - 3) > (25c - 2)(2gc - 5) 
by H4.1.1|) . hence gc = 0, i.e. C is a line or a conic. 

Step 4. The case /3 = 1. Using we obtain no. 6, 9, 10, 11, 15, 16, 17, 18, 

20, 21, 22, 23 and 24. 
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step 5. The case (3^2. (i) r = 1, e = 1. Then a = 1, 2{-Kxf = - d, 
Kx ■ = - 2d, 4(5c - 1) = 3d - and 4(gB - 1) = -3d + , hence 
9c = 93 = 0- We obtain no. 4 for = 16. The case — 22 is impossible, since 
X' cannot be hyperelliptic by Lemma [4. 101 but H4.10.4|l does not hold. 

(ii) r 2, e = 1. Then a = 3, 2{-Kxf = 4ff3 - d, Kx ■ ^ 6H^ - 2d, 
4{gc - 1) = 7d - 12H^ and Ags = SH^ - 8 - 3d, hence 4 | d and d < 8. For 
d = 8 we obtain no. 8. For d = 4 we have — 3, {-Kxf' — 4:, gc = 0, gs — 1, 
Kx -D^ = 10, but (|4.10.1^|l does not hold. 

(iii) r = 2, e = 2. Then a = 2, {-Kx)^ = 4i?3 - d, Kx ■ = 8H^ - 4d, 
4(gc - 1) = 6d - 8i/3, ^ -2AH^ + 16d and 2gB = -2 + AH^ - 3d, hence d < 6 
is even. By Lemma ll^Hl (2). here Z?'^ = 4d — 24a, which gives 2H'^ = 4 + d. This is 
no. 12. 

(iv) r = 3, e = 1. Then a 5, = 2, 2i-Kxf ^ 18 - d, Kx ■ ^ 30 ~ 2d, 
4(ffc - 1) llrf - 90 and Ags = 34 - 3d. Hence d is even, 8 < d < 11 and 4 / d. 
We obtain no. 14. 

(iv) r = 3, e 2. Then a ^ A, ^ 2 and hence ^ 16(d- 10). On the other 
hand, = 4d — 16a by Lemma [4.81 (2). hence d = 8 and gc — 3. Since e — 2, D 
is a smooth Pi-bundle over B. The image Di = (t>{D) is a nonnormal, Gorenstein 
surface of degree 4 in with normalization : D — > Di. Let r : Q3 P3 be a 
double cover, ramified along some quadric Q and define D2 = t{Di), which is again 
Gorenstein. Assume rjci is generically 2:1. Then D2 is a quadric in P3 containing 
the image r(C). The puUback to X defines a section in \2(j)*H — E\, which is 
impossible. Hence rj/^j is 1:1 and D2 is a quartic in P3. The same argument 
shows that C cannot be contained in the ramification divisor Q, i.e., tI^^ is an 
isomorphism at least outside some curve N, meeting C at most in points. Then by 
subadjunction, Kjj-^ ~ t*Ko2 — for some A > outside the finite set C fl A^. 
On the other hand, K^-^ = H\d-^ and K^^ = by adjunction formula. Since 
N\{NC^C) is in the smooth locus of Dl\{N\^C), the puUback to D is well defined 
and we find (f>*H\D = —X(j)*jjN outside a finite set. This is impossible. 

(v) r = 4, e = 1. Then a^7, = 1, 2{-Kxf ^ 16 - d, Kx ■ = 28 - 2d, 
A{gc - 1) = 15d - 112 and Ags = 32 - 3d. We conclude d = 8. Then {-Kxf = 4, 
Kx ■ ^ 12, gc = 3 and = 2, but H4.10.2|l does not hold. 

(vi) r = 4, e = 2. Then a = 6 and i/^ = 1 and hence = 4(4d - 42). On the 
other hand, ^ 4d-12a by Lemmal01f2). hence d = 8. We obtain {-Kxf = 8, 
Kx ■ D"^ ^ 16, = 5 and gs 2, but H4.10.4|l does not hold. 

Step 6. The case /3 = 3. (i) r = 1, e = 1. Then a = 2, 3{-Kx f = - d, 
Kx ■ = 2H^ - 3d, 6(.gc - 1) = 5d - 2H^ and 6gB = -18 + 7H^ - 13d. We 
get either = 18 or = 10. In the first case, we have d = 6, {-Kx)^ = 4, 
Kx ■ D"^ = 18, gc = 0, but H4.10.2|l docs not hold. For = 10, we obtain no. 2. 

(ii) r = 1, e = 2. Then a = 1, 3{-Kxf = 2{H^ - d), Kx ■ ^ 2{H^ - 3d), 
6(ffc - 1) = 4d - i?^ and 2gB = 14 - + 2d. From Lemma El (2) we infer 
4d = H'^ - 6, hence A \ {H^ - 6) and 2 | d. Then H'^ = 14, 18 or 22. In the first 
case wc get (-Kx)^ = 8, but H4.10.4|l does not hold. Assume > 18. Then 
a — 1 and e = 2 imply that the image (t>{D) C 1^ is a member in \H\, cut out by 
lines and Sing(0(D)) = C. We claim that the divisor R cut out by all the lines is 
an irreducible, generically reduced member of \dH\ for d > 2, except Y = , 
the almost homogeneous Mukai-Umemura threefold. Indeed, if 7^ V-M^ i but 
= 18 or 22, every component of R is generically reduced by jPrQOj and by 
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|ISOO| ■ Y contains a 1-dimensional family of pairs of intersecting lines, implying 
Re |Oy(d)| with d > 2 as claimed (see |T72]). But for Y = ¥2^^, the divisor cut 
out by lines is singular along the closed orbit, which is a rational curve of degree 
12 (see \MUm\ or [JR03,). 

(iii) r = 2, e = 1. Then a = 5, 3{-Kxf = 4:H^ - d, Kx ■ = lOH^ - 3d, 
6{gc - 1) = lid - 207J3 and Ggs = -24 + AOH^ - 13d. We get = 3or =^ 4. 
In the first case we have {—Kx)^ ^ 2, d = 6, gc = 2, Kx ■ = 12 and — 3, 
but (|4.1U.5|) does not hold. For iJ^ = 4 we get no. 7. 

(iv) r = 2, e = 2. Then a = 4, 3{-Kxf = 2(4i/3 _ rf), Kx ■ ^ 2{8H^ - 3d), 
6{gc - 1) = lOd - 16H^ and 53 = 13 - 4i/3 + d. From LemmagSl (2) we infer 
2d = - 6 hence is even. We get = 4, {-Kxf = 6, d = 7, 5c = 2, 
Kx ■ = 22 and = 4, but (|4.1U.3|I does not hold. 

(v) r = 3, e = 1. Then a = 8, 3(-Xjf)^ = 18 - d, • ^ 48 - 3d and 
6(5c - 1) = 17d - 144, hence 6 | d. We get no. 13. 

(vi) r = 3, e = 2. Then a = 7, 3{-Kxf = 2(18 - d), Kx ■ = 2(42 - 3d), 
6((7c — 1) = 16d— 126. From Lemma [4. 81 (2") we infer 2d = 21, which is impossible. 

(vii) r = 4, e = 1. Then a = 11, 3{-Kxf = 16 - d and 6{gc - 1) = 23d - 176. 
We get i-Kx)^ 2, d = 10 and gc = 10, but l|4.1Q.5|l does not hold. 

(viii) r = 4, e = 2. Then a = 10 and from Lemma [4.81 (2) we infer d — 10, 
which is case no. 19. 

Step 7. The case j3 = A. Here X' is hyperelliptic with {—Kx)'^ — 2 and e = r. 

(i) r = 1, e = 1. Then a = 3, d = _ j^gj^^g Kx ■ D'^ = 32 - H^, 
2gc = - 12, 2gB = 58 - 3H^. We obtain 12 < < 18. From ^4.10. 5|) we 
infer H"^ — IQ^ d — 8, gc — 2, Kx ■ Z?^ = 16 and gs = 5. The double cover 
H : X' ^ F3 is ramified along the image of E. Denote Ei = tp{lJ'{E)). Then Ei is 
a sextic in P3, containing the smooth curve ^J-{B) ~ B with multiplicity 2. Define 
T : X = i?Z^(3)(P3) P3 and call the exceptional divisor E. We get an induced 
double cover a : X ^ X, ramified along the strict transform E2 of Ei, and such 
that a*E = D. The puUback (t*{-K^) = a*{T*OvAl) - E) = -AKx -D = (j)*H 
is big and ncf on X, hence X is again an almost Fano threefold with p ~ 2. Since 
the anticanonical map of X contracts the divisor E2 to a curve isomorphic to C by 
construction, E2 plays the role of D on X and we obtain the invariants I3{X) = 2 
and a{X) = 6. Such an almost threefold does not exist by Step 5. 

(ii) r = 2, e = 2. Then a = 6, d = 4i/3_4, Kx-D^ = 2(16-47/^)^ g^ ^ AH^~Q, 
hence 2 < < 3. From Lemma [4.81 (2) we infer 9H^ = 12, which is impossible. 

Step 8. Constructions. 

No. 1. Let (p : X ^ V2,4 be the blowup of the Fano threefold V2,4 along a line C, 
with exceptional divisor E. Then X is a Fano threefold with p = 2, such that the 
second contraction is birational, contracting a divisor D G \(j)*OQ^{2) — 3E\ onto 
a curve of genus 2 and degree 5 in P3 (see |IP99j . § 12.3., no. 19). Consider the 
double cover Y = Vi^s ^ V2.4, ramified along a general quadric S. Then S meets C 
in 2 points, i.e., the puUback of C yields a smooth rational curve C C F of degree 
2. The blowup X = Blc{Y) is a double cover a : X ^ X, ramified along (jfS, 
i.e., —Kx = f *(— -^jf — 0*Cv2 4(1)) is trivial on the pullback of a general fiber of 
the divisor D. Then X is an almost Fano threefold with p{X) = 2, such that ijj 
contracts the pullback D oi D to a, curve of genus 2 and degree 5 in P3. 
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Note that every Fano threefold X with p{X) — 2 admitting two birational con- 
tractions, both contracting a divisor to a curve, provides an example for our case. 
By classification, there are 6 such X. We obtain no. 1, 2, 3, 7, 8, and 13 this way. 

No. 2. Analogously to no. 1 consider a double cover Vi^io V2,5 ramified along 
a general quadric S in V2,5 and let C be a double cover of a conic C in V2,5 (see 
also |(Tu82j V The blowup X — Bl(j{V2,5) is a Fano threefold, such that the second 
contraction is birational (see |IP99| . § 12.3., no. 22). 

No. 3. For a general conic in Vi^io, the anticanonical map i/j is small, but |IP99j . 
p. 86, Example is a special one with i/j divisorial. We may also construct X as double 
cover of a Fano threefold X as in no. 1: take X = Bl(j{V2.5), where C is a line in 
^2,5- Then X is a Fano threefold, such that the second contraction is birational 
(see |I?'99, |. § 12.3., no. 26). 

No. 4. Let xo, . . . ,X5 be homogeneous coordinates of P5 and consider the rational 
normal curve B — oi degree 4 in P4 = {2:5 = 0} from Example 13.51 now 
embedded into P5. Let / G C[x(), . . . , X4] be the cubic determinant, defining the 
secant variety Si{B) in P4. Define a new cubic 

K ^ f + X5qeH"iF5,lliS)) 

with q Cz C[xo, . . . , X5] a general quadric. Let 

Q4 = ^ Ai^i + x^l 

be a general quadric containing i?, with / £ C[xo, . . . ,xr,] linear. Then the strict 
transforms K and Q4 of K and Q4 in BIb{P5) are smooth and their intersection is 
a smooth almost Fano threefold X with anticanonical model X' = K D Q4. 

The quadrics vanishing on B define a birational, small contraction ip of BIb{F5) 
contracting the strict transform Si{B) of Si{B) — K H {0:5 = 0} onto a P2, em- 
bedded via Veronese into Pn. Define Y — 4'{X) in Pn. On the intersection 
X = K n Q4, the map becomes divisorial, contracting Si{B) n Q4 onto a conic 
in P2. This shows X = Blc{Y) with C a rational curve of degree 4 in Y. 

No. 5. Let S G \H\ be a general section onY = ¥2^2- Since H is globally generated 
(p[P99 , Theorem 2.3.1), S is a smooth. By adjunction, —Ks = H\s, hence 5* is a 
del Fezzo surface of degree 2 and we have a map tt : S* ^ P2 , which is a blowup in 
7 general points. Let Zi, . . . , ^7 be the (— l)-curves. Then —Ks = tt*0{3) — ^ k. 
Take 

C e \tt*0{5)-21i 2^6-/7! 

general. We claim that C is a smooth curve: C is the strict transform of a curve in 
P2 with exactly 6 double points containing the 7th point in the smooth locus. Let 
tt' : S' ^ P2 be the blowup in the first 6 points with exceptional curves I'l, . . . ,1'q. 
Then S' is the cubic in P3 and a linear system \W\ contains a smooth irreducible 
member, if > and W ■ I > ioi each of the 27 lines / on S' . This is true for 
|7r'*C'(5) — 2l[ — ■ ■ ■ — 2Zg|. By construction, C is a conic. 

Define now X — Blc{Y) and let D be the strict transform of S. We claim that 
X is almost Fano, such that the anticanonical map contracts _D to a rational curve. 
From C C 5 we get a short exact sequence 

Is/Y T-cjY 1c/s 0- 
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The sequence remains exact on H'^-\eve\ after twisting by Oy{2H). By construc- 
tion, Jc/g{2) — 2H\s - C — TT*0{1) - h. This shows: —Kx is generated with 
{-Kx\d)'^ = 0, but -Kx\d ^ 0, hence the morphism defined by |— i^T^I contracts 
-D to a curve. Proposition 11.71 imphes X' is a complete intersection of a quadric 
and a cubic in P5. 

No. 6. Analogously to no. 5, let S G \H\ be general on Y = V2.3. Then 5 is a del 
Pezzo surface of degree 3, i.e. tt : 5 ^ P2 is the blowup in 6 general points. Here 
take 

C e \n*0{5) -2li 2/5-^6! 

general. Consider again the blowup tt' : S' ^ ¥2 in the first 5 points and note that 

7r'*0(3) -l[ ^4 - 21'^ is globally generated by |Ha77j . V, Proposition 4.3 and 

that Tr'*0{2) — l[ • — ^4 is globally generated as well. Moreover, 0(1) has enough 

sections, i.e. Bertini shows the existence of a smooth C. 

By construction, C is a smooth elliptic curve of degree 4 and X = Blc{Y) is 
almost Fano with {—KxY = 8, such that ij} contracts the strict transform Z? of S* 
to a rational curve. By Proposition 11.71 X' C Pg is a complete intersection of 3 
quadrics. 

No. 7. Analogously to no. 1, let ^ : X ^ Qa be the blowup of a quadric Q3 
along an elliptic curve C of degree 5, with exceptional divisor E. Then X is a Fano 
threefold with p — 2, such that the second contraction is birational, contracting a 
divisor D e \(f)*OQ^{5) — 3E\ onto an elhptic curve of degree 5 in P3 (see |IP99| . 
§ 12.3., no. 17). Consider the double cover Y = V24 Q3, ramified along a general 
quadric S. Then S meets C in 10 points, i.e., the puUback of C yields a smooth 
curve C C Y oi genus 6 and degree 10. As seen in no. 1, the blowup X = Blc{Y) 
is an almost Fano threefold with p{X) = 2, such that i/j contracts the puUback D 
of D to an elliptic curve of degree 5 in P3. 

No. 8. Let xo,...,X4 be homogeneous coordinates of P4. Let i? = ,64 be the 
rational normal curve of degree 4 in P4 and let / be the cubic determinant, defining 
the secant variety Si{B) to B as in Example 13.51 Then Si{B) is a canonical 
Gorenstein Fano threefold with singularities of type cAi along B and the blowup 
BIb{Si{B)) is smooth. Let on the other hand 

be a general quadric containing B and a general member in i/°(P4,X^yp^(4)). De- 
note the blowup map BlsiPi) P4 by i/j with exceptional divisor D. It is easily 
checked that the strict transforms Q3 and Z in BIb{¥4) are smooth. 
The quadrics (?o , • ■ • , 95 cutting out B define a morphism 

onto the smooth quadric Q = 9194 — 9293 — QoQb, which is the blowup of Q in a P2, 
embedded into P5 via Veronese, with exceptional divisor BIb{Si{B)) — ¥{N^^iq) 

(see Example l3.5ll . By construction, e |(/)*C'pj;(l)| is the puUback of a hyperplane 
section, hence n BIb{Si{B)) is a Pi-bundle over a conic in P2. The same holds 
true for Z S \(/)*Opr,{2)\, meaning Z n BIb{Si{B)) is a Pi-bundle over a smooth 
curve of degree 4 in P2. 

37 



1. ) Define X' ~ Z a. quartic in P4. Then the strict transform Z — X is a. smooth 
almost Fano threefold, mapped onto the complete intersection Y of two quadrics in 
P5 by the birational map <f>\x- The exceptional divisor of on X is ZnBlB{Si{B)), 
i.e. X is the blowup of 1" in a curve of degree 8 and genus 3. 

2. ) Define a double cover a : V ~> BlsiPi), ramified along Z. Let X be defined 
by the restriction to Q3. Then X is a smooth almost Fano threefold and the Stein 
factorization oi o a gives 

X^^Qs 
X'^^Qs, 

where the induced map X ^ X' is the anticanonical map of X, i.e. X' is hyper- 
elliptic. The Stein factorization of cj) o a gives a similar diagram, defining a double 
cover 

Y ^QnH, 

with H = (t>{Qz) a hyperplane in P5. Then F is a smooth Fano threefold of index 
2 and degree 4. On the exceptional divisor Si{B) — > P2, the intersection with 
Q3 gives a Pi-bundle, a is ramified over 8 fibers, since the ramification divisor 
Z £ \(f>*Op^{2)\. This shows X Y contracts a divisor onto a smooth curve C, 
which is a double cover of Pi, ramified over 8 points. Hence 5c = 3 and the degree 
of C in Y is 8. 

We may also construct X as double cover as in no. 1: take X — Bl^{Q^)^ where 
C is a twisted quartic. Then X is a Fano threefold admitting a second birational 
contraction onto a quadric (see |1P99| . § 12.3., no. 21). 

No. 9. Analogously to no. 5, let S £ \H\ be general on F = V2,4. Then 5 is a del 
Fezzo surface of degree 4, i.e. tt : 5 ^ P2 is the blowup in 5 general points. Here 
take 

C G 177*0(5) - 2^1 2^4-^51 

general. The same argument shows C is a smooth curve of genus 2 and degree 6, 
and X — Blc{Y) is almost Fano with {—KxY' = 10, such that V' contracts the 
strict transform Z? of S" to a rational curve. Mukai's classification applies, since 
e = 1. 

No. 10. Analogously to no. 5, let S £ \H\ be general on Y — V2.5. Then S" is a del 
Fezzo surface of degree 5, i.e. tt : S" — > P2 is the blowup in 4 general points. Here 
take 

C e |7r*0(5) - 2^1 2/3-^4! 

general. The same argument shows C is a smooth curve of genus 3 and degree 8, 
and X — Blc{Y) is almost Fano with {—Kx)^ = 12, such that ■0 contracts the 
strict transform Z) of S" to a rational curve. Mukai's classification applies, since 
e= 1. 

No. 11. Analogously to no. 5, let S £ \H\ be general on Y = ¥2^5- Then S" is a del 
Fezzo surface of degree 5, i.e. tt : S" — > P2 is the blowup in 4 general points. Here 
take 

C £ \TT*0{i)-2h 2^31 
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general. The same argument shows C is a smooth rational curve of degree 6, and 
X = Blc{Y) is almost Fano with {—KxY' = 14, such that -0 contracts the strict 
transform D of S" to a rational curve. Mukai's classification applies, since e = 1. 

No. 12. The following description of V2,5 as an Sl2(C)-almost homogeneous three- 
fold is due to Mukai and Umemura f Mu's S ): think of Pg as P(i7°(Pi, Op^ (6))) and 
denote by to, ti homogeneous coordinates of Pi. Then 

T^2,5 = Sl2(C)[toti(t4 + tt)], 

i.e., V2,5 is the closure of [toti{4 + ^i)] e P(iJ°(Pi, Op^ (6))) under the natural 
Sl2(C) action. There are two more orbits besides Sl2(C)[toti(tQ + in 1/2,5: 

i) the two-dimensional orbit Sl2(C)[toti], 

ii) the one-dimensional closed orbit C = Sl2(C)[t'j']. 

The union of these two orbits gives an irreducible surface S C V2,5, contained in 
2iJ|, and singular along C. From the above description one sees that the normal- 
ization of S is isomorphic to Pi x Pi, the normalization map 

1/ : Pi X Pi — > S 

is given by an incomplete subsystem of bidegree (1, 5), and i/(A) = C. In particular 
C is a rational normal curve in Pg. 

Define X = Blc{V2,5). The strict transform ~ Pi x Pi of S* is in \2(j)*H - 2E\. 
The restriction of —Kx to D is of bidegree (0,8). We claim that ~Kx' does not 
admit a moving decomposition: assume —Kx' ^ Wi + W2 for two Weil divisors. If 
Wi and W2 are their strict transforms in X, then —Kx — W\ -I- W2 + \D for some 
integer A > 0. This means (1 — 2\){4>*H — E) is effective, implying A = 0. Then 
Wi = (J)*!! — kE and W2 — {k — 1)E for some fc > 1 (or vice versa). But this is 
impossible, since D e |20*iJ — 2E\ is exceptional. 

No. 13. Analogously to no. 1, here X is a double cover of the Fano threefold X, 
obtained as blowup of P3 along a curve C of degree 6 and genus 3, which is cut 
out by cubics f |1P99 |. § 12.3., no. 12). The second contraction of X is birational, 
contracting a divisor D G |(^*C'p3(8) — 3£'| again to a curve of degree 6 and genus 
3 in P3. Let F = Qa ^ P3 be a double cover, ramified along a general quadric and 
let C be the puUback of C. Then C is a smooth curve of genus 11 and degree 12 
and the blowup X = BlciY) is almost Fano, such that if] contracts the puUback D 
of Z? to a curve B of degree 6 and genus 3 in P3. 

No. 14. Let So, ... ,0:4 be homogeneous coordinates of P4. Let B be the elliptic 
normal curve of degree 5 in P4, cut out by the 5 quadrics go, ■ • ■ j 94 vanishing on B. 
Let ij} : BIb{P4) P4 the blowup of B and define a quartic K in P4 by ^ XijQiqj 
with Xij G C general. 

1. ) Define X' = K. Then the strict transform X of X' in BIb{^a) is a smooth 
almost Fano threefold. The map BlBiJ'4) P4 defined by go, • ■ ■ , 94 realizes X as 
blowup of the quadric Q3 defined by ^ XijUiUj. 

2. ) Define a smooth quadric C P4 containing B by X^A^^i. Consider the 
double cover a :¥ ^ BIb{^a), ramified along the (smooth) strict transform of the 
quartic K. The induced covering of the strict transform of is a smooth almost 
Fano threefold X, and the Stein factorization of a o ijj is the anticanonical map 
X — > X', followed by a double cover X' — > W, ramified along the intersection of 
the quadric and the quartic, which still contains B as singular locus. 
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No. 15. Analogously to no. 5, let S G |2_ff | be general on y = Q3. Then 5 is a del 
Pezzo surface of degree 4, i.e. tt : 5 ^ P2 is the blowup in 5 general points. Here 
take 

Ce |7r*0(8) - 3/1 3^4 -2^51 

general. Write tt*0{8) - 3h 3^4 - 2I5 = -2Ks + (7r*0(2) - h U)- 

The existence of a smooth C follows, since 4 general points in P2 are cut out by 2 
quadrics and —Ks is very ample. Hence C is a smooth curve of genus 8 and degree 
10. By Proposition ^21 ^' C Pe is a complete intersection of 3 quadrics. 

No. 16. Analogously to no. 15, let S G \2H\ be general on Y = Q3. Here take 

Ce |7r*C'(7) - 3;, 3^4-^5! 

general. Write n*0(7) 3^4 - ^5 = ~Ks + 2(71*0(2) ^4). The 

existence of a smooth C follows as above. Hence C is a smooth curve of genus 3 
and degree 8. Since e = 1, Mukai's classification for X' applies. 

No. 17. Analogously to no. 15, let 5* G \H\ be general on F = Q3. Then S ~ 
Pi X Pi. Here take C G 10(2, 3) | general. Then C is a smooth curve of genus 2 and 
degree 5 on Q3. Define as usual X = Blc{Y) and let D be the strict transform of 
S. From 3H\s - C G |0(1, 0)| we infer that -Kx is generated with (-KxId)^ = 0, 
but -KxId^O- 

Note that X' cannot be hyperelliptic by Proposition ll.6l Analogously to no. 22, 
X' is contained in the double cone over ^ P13 embedded with |Oq3(2)|. But 
here X C P(Oq^ © Oq3(2)) is not a complete intersection. 

No. 18. Analogously to no. 17, let S G \H\ be general on Y = Q3. Then S ~ 
Pi X Pi. Here take C G |0(1,3)| general. Then C is a smooth rational curve of 
degree 4 on Q3. Analogously to the last case, X' is contained in the triple cone 
over Q3 ^ P13. Again X C P(Oq^ © Oq3(2)) is not a complete intersection. 

No. 19. Let xq, . . . , 0:4 be homogeneous coordinates of P4 and let M be a symmetric 
(4 X 4)-matrix with linear entries in C[a;o, . . . , X4]. Let X'^ C P4 be defined by the 
determinant of M. By |CC97j . the (3 x 3) -minors of M cut out a smooth curve B 
of genus 6 and degree 10 in P4. This is the singular locus of X' = X'^. 

Let on the other hand j/o, ■ ■ • , 2/3 be homogeneous coordinates of P3. Multiply- 
ing M with the vector (yo, ■ • • ,2/3)*, we obtain 4 sections of |0(1, 1)| on P3 x P4. 
These cut out a smooth almost Fano threefold X, the desingularisation of X'. The 
projection onto P4 maps X birationally onto X', the exceptional locus is a divisor 
D over the singular locus B oi X'. 

The projection onto P3 is birational as well. Write M ■ (yo, ■ • ■ , J/s)* — N ■ 
{xq, . . . , XiY, where iV is a (4 x 5)-matrix with linear entries in C[yo, . . . ,1/3]. By 
the Hilbcrt-Burch theorem the (4 x 4)-minors of A'' cut out a smooth curve C of 
genus 11 and degree 10 in P3 and X = Blci^s)- By Lemma fl.lOl X' cannot by 
hyperelliptic. 

Note that if M is not symmetric, the singular locus of X' consists of 20 points, 
i.e. the contraction X ^ X' is small. 

No. 20. Analogously to no. 5, let S G \3H\ be general on y = P3. Then 5" is a del 
Pezzo surface of degree 3. Take 



C G |7r*0(ll) -4^1 4/5-3^6! 

40 



general. Then a linear system \W\ contains a smooth irreducible member if > 
andW -l >0 for each of the 27 lines / on S ( |Ha77j . V, Theorem 4.11.). This is 
true in our case. By construction, C is a curve of genus 12 and degree 10. By 
Proposition ^21 X' C P5 is a complete intersection of a quadric and a cubic. 

No. 21. Analogously to no. 20, let S E |3i/| be general on Y — P3. Here take 



general. This gives a smooth curve of genus 5 and degree 8 on P3. By Proposi- 
tion ^21 X' C Pe is a complete intersection of 3 quadrics. 

No. 22. Analogously to no. 17, let S e \2H\ be general on Y = P3. Then 
S" ~ Pi X Pi. Take C € 10(3, 4) | general. Then C is a smooth curve of genus 6 and 
degree 7 on P3. Define as usual X = Blc(Y) and let D be the strict transform of 
S. From 4H\s -C e 10(1, 0)| we infer that ~Kx is generated with (-KxId)^ = 0, 
but -KxId^O- 

Note that X' cannot be hyperelliptic by Proposition ll.61 The anticanonical map 
tp : X ^ X' is the resolution of the rational map P3 ^ Pn defined by all quartics of 
P3 vanishing on C. These are qqo, . . . , qqg and two further quartics, where q defines 
S and qo, . . . ,qg are all quadrics of P3. This shows X' is contained in the double 
cone over the 2-uple embedding P3 Pg. The surface S is mapped to the vertex 
of the cone, which is the line B. Blowing up B, we find X as complete intersection 
of two general elements from |0(1) 7r*Op3(l)| in ¥{0®^ Op^{2)). 

The projection onto P3 is our birational map 0. A section from |0(l)(X)7r*Op3(l)| 
corresponds to a section of the vector bundle Op3(l)®^ ® Op3(3), is hence a vector 
{I, I', /) with two linear forms I, I' and a cubic / on P3. The exceptional locus of (p 
then lies over the curve in P3 cut out by the minors of the matrix 



the rows corresponding two the two sections cutting out X. 

No. 23. Analogously to no. 22, let S G \2H\ be general on F = P3 and take 
C e |0(2,4)| general. Then C is a smooth curve of genus 3 and degree 6 on P3 
(compared to the curve C C P3 in no. 13, here C is not cut out by cubics). 

Note that X' cannot be hyperelliptic by Proposition 11.61 Analogously to the 
last case, here X' is contained in the tripel cone over P3 Pg, since P3 ^ P12 is 
defined by qqo, . . . , qqg and three further quartics. The surface S is mapped to a 
conic in the vertex, i.e. X' is moreover contained in some quadric, not containing 
the cone. In this case, X C P(0®^^ © Op3(2)) is not a complete intersection. 

No. 24. Analogously to no. 22, let S e \2H\ be general on F = P3 and take 
C G |0(1,4)| general. Then C is a smooth rational curve of degree 5 on P3. 

Note that X' cannot be hyperelliptic by Proposition 11.61 Analogously to the 
last case, X' is contained in the 4-cone over P3 ^ Pg, since P3 ^ P12 is defined 
by qqo, . . . , qqg and 4 further quartics. The surface S is mapped to a rational 
curve of degree 3 in the vertex. Again, X C P(Op^'* © Op3(2)) is not a complete 
intersection. □ 



C e |7r*O(10) -4Z 



4^5-2^61 




/i 

/2 



) 
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(B) Assume contracts D to a point. Let again be Z? = acj)* H ~ f3E in Pic{X). 
Since E ^ D and D is irreducible, we have a, P > for the same reason as above. 
Concerning the anticanonical model X' note that |— ifx'l never admits a moving 
decomposition in this case fsee l4.7|l : assume —Kx' ~ Wi + W2 with Weil divisors 
Wi and W2. Since |— i^x'l is base point free, we may assume a general member of 
\Wi\ does not meet the point X'^^^^g = tp{D). Then Wi is Cartier, implying W2 is 
Cartier as well. But Pic(X') ~ Z ■ {-Kx-) bv HT^ We conclude that either X' is 
hyperelliptic or can be fomid in Mukai's table lA.ll 

4.11. Theorem. Let X be an almost Fano threefold with p{X) — 2. Assume 
X = Blc(Y) with Y a smooth Fano threefold of index r and C C Y a smooth 
curve, and assume \—Kx\ induces a divisorial map tp : X ^ X' , contracting D to 
a point. Then (3 — 1 and C is the complete intersection of (j){D) £ \r'H\ for some 
r' < r and an element in \—Ky\. We obtain the data of no. 25 in table \4.!^ and all 
of these cases really exist. 

Proof. By assumption, X' is smooth outside a single point p — ip{D), and —Kx' = 
fi*H' is globally generated and ample. Assume X' is not hyperelliptic. Then H' 
is very ample on X', i.e. the point p may be cut out by the sections in |— i^x'l = 
jTJ'ljf'l vanishing on p. Then the same argument as in the proof of Lemma |4.1()l 
shows (3—1 and r — a > by restricting to some exceptional fiber of 0, or to some 
general irreducible curve in X not meeting E. In particular, r > 2 and a < 3 in 
this case. If X' is hyperelliptic, then —2Kx' is very ample, and the same argument 
as above shows /3 <2 and a < 2r. 

Assume first (3 = 2. Then X' is hyperelliptic, hence {—KxY !i 8 by Proposi- 
tion ^21 Considering the twisted ideal sequence of p in X' shows 

-Kx -D)> h°{X, -Kx) - 1. 

We have —Kx — D = {r — a)(f)*H + E, implying a < r. In particular, r > 2. As 
above we have 

2, 4, 8 = r^H^ - 2rd + 2gc - 2, 

= ar'^ - [a + 2r)d + Age - ^, 
= a^riJ^ - 4Q;d + 85c - 8. 

If r = 2, then a = 1 and the second line implies 4 | c?, hence = 4 by the third 
line. We obtain d = 4 and gc = 2, contradicting the first line. Assume r = 3. If 
a = 1, the last two lines come up with lOd = 32, which is impossible. For a = 2 
we obtain d = 5 and gc = 3, contradicting the first line. If r = 4, the last two lines 
give a = 2, gc" = 3 and d = 4, contradicting the first line. 

For /3 = 1, let 5* e |— ^^^jc | be general. Since X' has only an isolated singularity 
and |— iiTjc'l is base point free, S will not meet D. This means the images ((>{S) 
and 4>{D) meet transversally in C, i.e., C is a complete intersection. The following 
construction completes the proof: 

No. 25. Analogously to no. 5 above, let S E \r'H\ be general on Y for r' = a < r. 
Then S* is a del Fezzo surface. We choose C G |7'-ff|s| general. Since rH = -Ky is 
globally generated, the existence of a smooth C is clear. Then d = r'H\s ■ {rH)\s — 
rr'H^ and 2gc — 2 — rr'^H^ by adjunction. We have rH\s — C ~ Os on S*, hence 
—Kx is generated and V' contracts the strict transform of 5 to a point. If X' is not 
hyperelliptic, then Mukai's classification applies as seen above. □ 
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5. Blowdown to a point 



5.1. Setup. In this section (j) : X ^ Y is the blowdown to a Fano threefold Y 
with p{Y) — 1, such that the exceptional divisor E is mapped to a point p. Then Y 
is either smooth or has a terminal singularity at p. As usual, X is a smooth almost 
Fano threefold with p{X) = 2, such that the anticanonical map ip is divisorial with 
exceptional divisor D. We have the following possibilities for {Y,E) (see | Mo82| ): 

(1) {E, Oe{-E)) = (Pa, Or^{l)) and Y is smooth; 

(2) {E, Oe{-E)) = (P2, Or^ li)) and Y is singular, 2-Gorenstein; 

(3) \e, OeI-E)) = (Q, 0(1)) and Y is singular, Gorenstein. 

Here (Q, 0{1)) denotes an irreducible quadric in P3 with restriction of 0^3(1), i.e., 
Q is either Pi x Pi or the quadric cone. We show the following classification result 

5.2. Theorem. Let X he an almost Fano threefold with p{X) — 2. Assume 
X — Blp{Y) with Y a smooth or terminal Fano threefold of index r and p £ Y a 
point. Assume \—Kx\ induces a divisorial map : X X'. Then tp contracts an 
irreducible divisor D to a smooth curve B C X' and we are in one of the cases in 
table \A.^ and all of these cases really exist. 

Proof. We first show that tp(D) = B is a smooth curve in X'. Let be any 
irreducible curve in the exceptional divisor D of ip. Since —Kx is trivial on Z^, 
whereas cp is an extremal contraction and Y is Fano, must meet E in points. 
This shows E n D ^ ^ and ipiD) is a curve B in X'. By Proposition [THl B is 
smooth and D ■ l^, — —2 for the general exceptional fiber oi D. As in 14.81 we see 
that B in X' is a curve of degree 

deg(B, . 

Step 1. The case {E, Oe{-E)) = (P2, Ov^{l)). Here F is a smooth Fano threefold 
with p{Y) = 1 and we may use Iskovskikh's classification for Y . Let —Ky = rH 
for some r e N and H a generator of Pic(F). Then 

~Kx ^ r(P*H - 2E. 

Since the blowup of P3 and Q3 in a point is a Fano variety, we have r = 1 or 2. 
The Picard group of X is generated by (p* H and E over Z, i.e. we may write 

D = a(p*H - f3E, for some a, /3 £ N. 

We have ^* H'^ ■ E = cP* H ■ E^ = 0, E^ ^ 1. Therefore 

{-Kx f =r^H^ ~8. 

From Kj^ -0 = follows 

We have r(p*H -l^ = 2E-l^ and a(p*H -l^ — p)E-l^ = —2 for the general exceptional 
fiber hence 

4 = (/3r - 2a)(p*H ■ l^. 
Defining e = /9r — 2a as usual, we obtain 



^i-Kxf = h2A and Kx ■ ^ ^^^{-Kxf 
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Since Y is smooth, we may compute x{Y, H) by Riemann-Roch and obtain by the 
same method as in Lemma 14.81 

2a a^H^(3r -2a) (3'^(f3-3) 

93 = I h — h . 

r 12 6 

We continue case by case. 

1.) r = 1. Then -Kx is not divisible in Pic(X). II {-Kxf < 8, then X' 
is either hypereUiptic or a complete intersection by Proposition ^21 Applying the 
same argument as in the proof of Lemma |4.1()l we obtain in this case: if X' is a 
complete intersection, then (3 < 6. If X' is hypereUiptic and W = P3, then either 
/? < 6 or /3 = 7 and r < e; if C P4 is a quadric, then either P < A or (3 — 5 and 
r < e; if is the Veronese cone, then either /3<3or/3 = 4, r<e and 2 | (e — r). 
Moreover, we have the following formulas, analogously to 14.1().2|l etc. 



(5.2.1) i-Kxf = 2 

(5.2.2) {~Kxf = 4 

(5.2.3) X' cA.,{-Kx)^ ^8 



e^H^ = 2/33 - 8(3/3 - 8) deg(B) + 32(55 - 1); 
g3^3 ^ 4^3 „ 24(/3 - 2) deg(B) + 32{gB - 1); 
e^H^ ^ 8/3^ - 8(3/3 - 4) deg(B) + 32(^5 - 1). 

1.1. ) e = 1. Then a{H^ - 8) = 4 and TJ^ _ g = (-K^)^ is even: (i) a = 1 
and i-Kx)'-^ 4. Then iJ^ 12, /3 = 3, • -D^ = 6 and gs = 0, contradicting 
(|^T^ : (ii) a = 2 and (-i^x)^ = 2. Then iJ^ = 10, /3 = 5, Kx ■ ^ 10 and 
gB ~ 2, contradicting H5.2.1|) . 

1.2. ) e 2. Then a{H^ - 8) = 8: (i) a = 1 and {-Kxf = 8. Then iJ^ = 16, 
/3 = 4, ii'x • Z?^ = 16 and 55 = 3. Since e — r is not even, X' is not hypereUiptic 
and we obtain a contradiction to (|5.2.3|l : (ii) a = 2 and {—Kx)^ — 4. Then 
i/3 = 12, /5 = 6, Kx ■ = 24 and gs = 11, contradicting (|^T^ : (iii) a = 4 and 
{-Kxf = 2. We have = 10 and (3 = 10. This is impossible. 

1.3. ) e = 4. Then a(i/3 - 8) = 16: (i) a = 1 and {-Kxf = 16. Then = 24, 
which is impossible; (ii) a = 2 and {—Kx}^ — 8. Then i/'^ = 16 and f3 — 8, a. 
contradiction; (iii) a = 4 and {—Kx)'^ = 4. Wc have H"^ = 12 and /3 = 12, which 
is again impossible; (iv) a ^ 8 and {—Kx)'^ = 2. We have = 10 and /3 = 20, a 
contradiction. 

2.) r = 2. Then e = 2a{H^ - 1), hence e is even and i/^ > 2. 

2.1. ) e = 2. Then a=l, = 2, {-Kxf = 8, f3 ^ 2, Kx ■ = A and .gs = 0. 
This is no. 5. 

2.2. ) e = 4. (i) a = 1 and = 3. Then (-Kx)^ = 16, /3 = 3, Kx ■ = 12 
and 5B = 1. This no. 7. (ii) i/^ = 2 and a 2. Then (-i^x)'"^ = 8, /3 = 4, 
Kx ■ ^ 16 and = 3. This is no. 6. 

Step 2. The case {E, Oe{~E)) ^ (P2, C'p2(2)). Now y is a terminal 2-Gorenstcin, 
2-factorial Fano threefold. Let —2Ky = rH for some r G N and H a generator of 
Pic(y). Then 

-2Kx ^r(t)*H ~E. 
The Picard group of X is generated by (t>*H and E over ^Z, i.e. we may write 

D^a(t>*H ~ (3E, for some a, /3 e ^N. 

We have (j)*H^ ■ E = 4)*H ■ E^ = 0, E^ ^ A. Therefore 

^3^3 _ 4 



i-Kx) 



3 



8 
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From ■ D = we deduce 4/3 = ar^H^. For the general exceptional fiber we 
have r(j)*H -l^ = E-l^ and acj)*!! -l^ - f3E -l^ = -2, hence e := 2{f3r-a) = 1,2,4. 
This gives 

Aa{-Kxf = 1,2,4. 

Since {-Kx)^ is even, we have {-Kx)^ = 2, a = 5, /3 = |, r = 1, iJ^ = 20 and 
Kx-D"^ = 10. Since (f)*H-l^ = 1, we have K]j = 8(1— gs) and obtain gs = 6; X' is 
hyperelliptic with W = ¥3 and the strict transform S G + is disconnected. 
This is no. 4. 

Step 3. The case (E, Oe(-E)) = (Q, 0(1)),. with Q a quadric in P3. Here Q may 
be cither Pi x Pi, or the quadric cone, and Y is a terminal Gorenstein, but factorial 
Fano threefold. Let as usual be —Ky = rH for some r € N and H a generator of 
Pic(y). Then 

-Kx = r(f)*H- E. 

The Picard group of X is generated by (j)*H and E over Z, i.e. we may write 

D = a(j)*H - PE, for some a, /3 G N. 
We have (t)*H'^ ■ E = (j)*H ■ E^ = 0, E^ = 2. Therefore 

{-Kxf = r^H^ - 2. 

From K'^-D = follows 

and r(l)*H ■ = E ■ and a(j)*H ■ — j3E • = — 2 for the general exceptional 
fiber l^j, implies 

2 = {pr-a)(j)*H -l^. 
Defining e := /3r — a as usual, we get 

e=^{-Kxf = l,2 and . = ^^{-K^f . 

1. ) e = 1. Then 2 = a{—KxY implies a ~ \ and {—KxY = 2, hence r = 
1, iJ3 = 4, = 2 and Kx ■ = 4. Then X' ^ = P3 is hypereUiptic 
and deg(^(i3)) = 2 implies gs = 0. Here F is a Gorenstein Fano threefold with 
canonical (even terminal) singularities, hence either C P4 is a quartic or Y is 
a double cover of a quadric in P4. In the first case, let tt : Blp{P4) ¥4 be 
the blowup with exceptional divisor E. Then X e \TT*Ori{4.) — 2E\ and D G 
\{Tr*Ori{l) — 2E)\x\- The twisted ideal sequence of X in Blp{Fi) shows that this 
system is empty. Hence Y is hyperelliptic. This is no. 1. 

2. ) e = 2. Then 4 = a{-Kxf: (i) a = {-Kxf = 2. Then r = 1, ff^ = 4^ 
Kx ■ = 16 and /? = 4. We have (j)*H -1^ = 1, hence £> is a Pi-bundle over B 
and = 8(1 — 95). This gives gB = 9- Here X' is hyperelliptic with W = P3 and 
the strict transform of the branch divisor S G \(I)*H + E\ is disconnected. As in the 
last case we find that Y is hyperelliptic. This no. 2. (ii) a = 1 and {—Kxf = 4. 
Then r = I, = 6, (3 = 3 and Kx ■ D'^ = 12. We have (l)*H ■ l^, = 1, hence £» is a 
Pi -bundle over B and K}) = 8(1 - gs). We obtain gs = 4. This IS no. 6. 

Step 4. Constructions. 

No. 1. Let xo, . . . ,a;3 be homogeneous coordinates of P3 and let q G C[3;o, xi, 3:2] 
be homogeneous of degree 2, defining a smooth conic B' in /f' = {0:3 = 0} ~ P2. 
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Let cr : X — » P3 be the blowup of P3 along B' with exceptional divisor D. Take a 
sextic defined by 

S = Xiq^ + Xiq'^xl + AsQ-a;^ + X^x^, 

the Aj G C general, and define X as double cover t : X X, ramified along 
the strict transform S of S. By construction, —Kx = T*a*Op^{l) is big and nef, 
hence X is a smooth almost Fano threefold with {—Kx)^ = 2. Let D c X he the 
induced cover of D. Then the Stein factorization of X ^ P3 factorizes over the 
anticanonical model X' and ip : X ^ X' contracts the divisor I> to a smooth curve 
B ~ B'. 

Since B' is cut out by quadrics, the system \a*Op^{2) — D\ is base point free 
and big, the puUback to X defines a birational map cj) : X Y onto some Fano 
threefold Y. The strict transform H' of H' in X is isomorphic to H' ~ P2, and 
the restriction of S to H' is the conic B' . The induced cover of H hence yields a 
smooth quadric E e \-Kx - D\. We find that T*{a*Op^{2) - D) is trivial on E, 
i.e., (f) contracts to a point. 

No. 2. Let xo, . . . , X3 be homogeneous coordinates of P3 and let B' be the complete 

intersection of a smooth quadric Q2 and a smooth quartic K . Then B' is a curve 
of degree 8 and genus 9. Let cr : X — > P3 be the blowup of P3 along B' with 
exceptional divisor D and define X as double cover r : X — > X, ramified along the 
disjoint union of the strict transforms Q2 and K of Q2 and K. As in no. 1, X is 
almost Fano and tp maps the puUback £> of £> to a curve B ~ B' . 

The pullback of |0-*Op3(4) — D| is base point free and big, defining a birational 
map (f) : X ^ Y . Since K is part of the ramification divisor, the sytem becomes 
divisible on X. Let E c Xhe the reduced pullback of Q2. Since Q2 and K intersect 
in B' , the restriction of ^ — D is trivial on Q2, i.e., <f) contracts to a point. 

No. 3. Let B c P4 be the complete intersection of a linear subspace L, a smooth 
quadric Q and a general cubic K. Then B is a smooth curve of degree 6 and genus 
4. As a curve in E' = Lf^Q, the curve i? is a divisor of degree 3. Note that E' is 
either Pi x Pi or a quadric cone, depending on L and Q. 

1. ) Define X' by the equation 

/ = Al/fc + A2g^ 

where I, q, k are defining equations of L, Q, K, respectively, and Ai, A2 G C. Define 
X = BIb{X'). We find that X is a smooth almost Fano threefold with {-KxY = 4. 

Consider the rational map P4 ^ P19 defined by the cubics vanishing on B. 
The resolution of this map yields a morphism : X — > P19, which is birational. 
By construction, (f)' contracts the strict transform E of E' to a point. We have 
constructed the morphism associated to \2(j)*H\ = \ — 3Kx — D\. 

2. ) Consider B c Q and define X' as double cover of Q, ramified along R = 
L + K. Note that the strict transforms of L and K become disjoint after blowing 
up B. 

No. 4. Let K C P3 be a general smooth quintic and H' a general hyperplane. 
Then B' — K D H' is a smooth complete intersection curve of genus 6, which is 
the singular locus of the sextic S = K + H' . In the blowup BlB'i^s), the strict 
transform S is the disjoint union of the smooth strict tramsforms of K and H' . 
Define X as double cover of Bls'i^a), ramified along S. 
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No. 5. Consider the double cover v : Y — ¥2^2 — > IP3, ramified along a smooth 
quartic K in F3. Let R C Y he the reduced puUback of K and p e i? a point. 
Note that K ~ R is smooth. Define (j> : X = Blp{Y) Y the blowup in p with 
exceptional divisor E. 

Define as usual H — i'*Op,j{l), i.e., —Ky = 2iJ. In order to prove that X is 
almost Fano, it is sufficient to show that \(f)*H — E\ is base point free. We have 

^ iBiH) ^ Ip{H) Ip/R{H) 0, 

hence H^{Y,lp{H)) ~ H°{Y,Ip/R{H)). This means the base locus of \Tp{H)\ is 
contained in the smooth surface R. But on i? ~ iiT, the system \H\ is very ample. 

It remains to ensure that "0 is divisorial. Let C P3 be a hyperplane, such that 
the intersection with K is, a, plane quartic curve with a double point. Let p be the 
point over the singularity. Then the strict transform of 5 is Z?. 

No. 6. By jIP99| . Lemma 3.3.4, there exists a. Y = V2.2 with a line Z whose 
splitting type of the normal bundle is (2,-2). Using the notation of no. 5, take 
the point p on Z r\ R. Then —Kx is big and nef, since p € R, and there is a 
one-dimensional family of lines through p, the strict transform is D. 

No. 7. Let xo,...,X4 be homogeneous coordinates of P4. Let /a € C[a;o, si, 2:2] 
be homogeneous of degree 3, defining a smooth elliptic curve B in P2, and let 
q € C[a:o, . . . , X4] be a general quadric. Define 

Y ^{h + X4q^0} CPi. 

Then F is a smooth cubic in P4, hence of type ¥2^3- The intersection with the 
hyperplane H — {X4 — 0} is by construction the cone over the smooth elliptic 
curve B, which we denote by D' . The vertex of D' is the point 

p^[0:0:0: 1:0] eYHH = D'. 

Define (j> : Blp{F4) P4 with exceptional divisor E and X := Blp{Y) the strict 
transform of Y. Then -Kx ~ 2(0*0^^(1) - E)\x is big and nef. The strict 
transform D of D' is a smooth ruled surface in \(t>*H — ?,E\ on X , such that —Kx 
is trivial on the ruling, i.e., ■0 contracts D to the elliptic curve B. □ 



47 



Appendix A. Tables 



A.l. Mukai's list. The following table can be found in (MukQSj . it contains all 
anticanonically embedded Gorenstein Fano threefolds with canonical singularities, 
such that the anticanonical system does not admit a moving decomposition. Note 
that all of these threefolds are degenerations of smooth ones. 



Anticanonical model 



X[ = (4) C P4 a quartic. 

Ag — (2) n (3) C P5 a complete intersection. 

Ag = (2) n (2) n (2) C Pe a complete intersection. 

X'lQ C P7 is a quadric hypersurface section of a quintic del Pezzo 4-fold 
V5 C P7. V5 C P7 may be chosen as the cone over a quintic del Pezzo 3-fold. 
X'12 C Pg is a linear section of a 10-dimensional orthogonal Grassmannian 
variety. C P15] n Hi n ■ ■ ■ D H^. 

X'n C Pg is a linear section of an 8-dimensional Grassmannian variety. 

[G(2,6) cPi4]niJin---n7?5. 

A{g C Pio is a linear section of a 6-dimensional symplectic Grassmannian 
variety. [Sfg c P13] n i/i n i/s n iJg- 

A{g C Pii is a linear section of a G'2-variety. [Sfg C P13] fl -ffi n i?2- 

A22 C P13 is isomorphic to a threefold G(3, 7, N) C P13 obtained from a 

non-degenerate 3-dimcnsional subspace N C A^C^. 
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A. 2. Del Pezzo fibrations. We use the notation of section [3 In the following 
table dB/gs denotes genus and degree of the curve B, where the degree is by 
definition H' ■ B with H' a general hyperplane section of X' . A (fc) means that 
here X' is the image of | — -^iCxI- The abbreviation a.m. stands for anticanonical 
model. Finally "?" indicates that the existence is still open. 



X' 



ds/gL 



54 



^(12,22) 



(3) 



1/0 



X'^ C P4 or 

2:1 over Qs, ram. quartic 
2:1 over P3, ram. sextic 



2:1 over P(1^22) 

5 

Pe 

a.m. of X C P(Opi(2) © O®^) 
a.m. of X c P(C'p,(2) ® 0®6) 
2:1 over P3, ram. quartic 



8/5 
9/10 



4 
6 
8 

10 
12 
16 



^2,3 c I 

^2,2,2 ^ 



(?) 
(?) 

(2) 



2/1 
3/1 
4/1 
5/1 
6/1 
4/1 



2:1 over P3, ram. sextic 
X'^ C P4 or 

2:1 over Qa, ram. quartic 

2:1 over Ver.c. 

2:1 over P3, ram. sextic 



1/0 
2/0 

4/0 
4/1 



32 
16 



X'^ C P(P,23) 

2:1 over P3, ram. quartic 



(2) 
(2) 



2/0 
2/0 



A. 3. Conic bundles. We use the notation of section|Sl As above, ds/gB denotes 
genus and degree of the curve B; a (2) means that here X' is the image of | — ii^xl; 
the degree of the discriminant A is d. If A = 0, then (ci,C2) are the Chern 
classes of T, such that X = f{!F), else we denote with (ci,C2) the Chern classes 
oi £ = (p^,{—Kx). By Si{B4) we denote the secant variety to the rational normal 
curve of degree 4. The abbreviation a.m. stands for anticanonical model. 



No. 




d 


(C1,C2) 


X' 


dB/gs 


(a 


P) 


1 


72 





(-1,-2) 


P(P,3) (2) 






-3) 


2 


48 





(-1,1) 


Xi C P4 (2) 


1/0 




-2) 


3 


24 





(-1,4) 


C P4 (2) 


1/0 


(i; 


-1) 


4 


24 





(-1,4) 


^1(^4) CP4 (2) 


4/0 


(1, 


-2) 


5 


10 


7 


(2,0) 


a.m. of X C F{Op,{2) © O^^^) 


1/0 


(1, 


-2) 


6 


12 


6 


(3,3) 


a.m. of X C P(£) as in 3.10. or 


2/0 


(1, 


-2) 










a.m. of A C P{Op,{2)®Tp,i~l)) 








7 


4 


8 


(1,0) 


Xi C P4 


1/0 


(1, 


-1) 


8 


6 


6 


(3,6) 


^2,3 c P5 


2/0 


(1, 


-1) 


9 


2 


10 


(-1,-2) 


2:1 over P3, ram. sextic 




(1, 


-1) 


10 


4 


8 


(1,0) 


2:1 over Q3, ram. quartic 


1/0 


(1, 


-1) 


11 


2 


8 


(1,1) 


2:1 over P3, ram. sextic 


3/0 


(2, 


-1) 


12 


8 


8 


(1,-2) 


2:1 over Ver. cone, ram. cubic 




(1, 


-2) 
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A. 4. Blowdown to a curve. We use the notation of section 01 d/gc and d/gs 
denote the degree and genus of C and i?, a "-" indicates that D maps to a point. 
By Vr.d we denote a Fano threefold of index r and degree d; a.m. stands for 
anticanonical model and an "(M)" means that X' can be found in table IXTI 



No. 




Y 


d/gc 


X' 


d/gs 


(a, /3) 


1 


2 


Vi,s 


2/0 


2:1 over P3, ram. sextic 


5/2 


(2,3) 


2 


2 




4/1 


2:1 over P3, ram. sextic 


4/0 


(2,3) 


3 


4 


Vi,w 


2/0 


Xi C P4 or 

2:1 over Q3, ram. quartic 


3/0 


(1,2) 


4 


6 


Vi,w 


4/0 


^2.3 c P5 


4/0 


(1,2) 


5 


6 


V2,2 


2/0 


^2,3 c P5 


1/0 


(1,1) 


6 


8 


V2,3 


4/1 


-^^2,2,2 C Pe 


1/0 


(1,1) 


7 


2 


V2A 


10/6 


2:1 over P3, ram. sextic 


5/1 


(5,3) 


8 


4 


V2,4 


8/3 


X'^ C P4 or 

2:1 over Q3, ram. quartic 


4/0 


(3, 2) 


9 


10 


V2,4 


6/2 


(M) 


1/0 


(1, 1) 


10 


12 




8/3 


(M) 


1/0 


(1,1) 


11 


14 


^2,5 


6/0 


(M) 


2/0 


(1, 1) 




1 A 


T /- 


D/U 




o/O 


(z, Z) 


-LO 




z< 


^;3 


19/11 




u / o 


I O , O J 


1 A 


/j 
4 




10/6 


A4 c_ F4 or 

2:1 over Q3, ram. quartic 


5/1 


z j 


15 


8 


Q3 


10/8 


^2,2,2 ^6 


1/0 


(2,1) 


16 


10 


Q3 


8/3 


(M) 


2/0 


(2,1) 


17 


26 


Q3 


5/2 


a.m. ofX cPiO®l(BOQ,i2)) 


1/0 


(1,1) 


18 


28 


Qs 


4/0 


a.m. ofX cViO®l(BOQ,i2)) 


2/0 


(1,1) 


19 


4 


P3 


10/11 


CP4 


10/6 


(10,3) 


20 


6 


P3 


10/12 


^2,3 C P5 


1/0 


(3,1) 


21 


8 


P3 


8/5 


-^^2,2, 2 C Pe 


2/0 


(3,1) 


22 


18 


P3 


7/6 


a.m. ofX cF(0®2eOp3(2)), 
X i?i n i/2 is a c.i. 


1/0 


(2,1) 


23 


20 


P3 


6/3 


a.m. of X C P(0®^ ® Op, (2)) 


2/0 


(2,1) 


24 


22 


F3 


5/0 


a.m. of X C P(C>®*©Op3(2)) 


3/0 


(2,1) 


25 




Vr.d 


rr'H'^/ 

2+rr'^H^ 


(M) or hyperelliptic as in 11. 61 
























2 









A. 5. Blowdown to a point. We use the notation of scction|5j d/ gs denotes the 
degree and genus of B\ Vr^ is a (terminal) Fano threefold of index r and degree d; 
a (2) means that X' is the image of | — ^if^l; a.m. stands for anticanonical model. 



No. 


{-Kxf 


Y 


{E,-E\e) 


X' 


d/gs 


(a,/3) 


1 


2 


^1,4 


(Q,o(i)) 


2:1 over P3, ram. sextic 


2/0 


(1,2) 


2 


2 


Via 


{Q.oii)) 


2:1 over P3, ram. sextic 


8/9 


(2,4) 


3 


4 


Vi.e 


{Q,o{i)) 


X'i C P4 or 


6/4 


(1,3) 










2:1 over Qs, ram. quartic 






4 


2 


^1.20 


(P2,0(2)) 


2:1 over P3, ram. sextic 


5/6 


V2' 2I 


5 


8 


V2,2 


(P2,0(l)) 


2:1 over Ver.c, ram. cubic 


2/0 


(1,2) 


6 


8 


V2.2 


(P2,0(l)) 


2:1 over Ver.c, ram. cubic 


8/3 


(2,4) 


7 


16 


V2fl 


(P2,0(l)) 


a.m. of X C P(C'P3® 0,3(1)) (2) 


6/1 


(1,3) 
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